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Abstract. Let Gm be either the orthogonal group Om or the symplectic group SpM 
over the complex field; in the latter case the non-negative integer M has to be even. 
Classically, the irreducible polynomial representations of the group Gm are labeled by 
partitions ^ = (/ii,/i2 , • • •) such that /i^ 4- /i2 ^ M in the case Gm ~ Om, or 2fi[ 5C M 
in the case Gm — SpM- Here /x' = (/i'i,A*'2 , • • •) is the partition conjugate to fi. Let VK^ 
be the irreducible polynomial representation of the group Gm corresponding to /i. 

Regard Gjv x Ga/ as a subgroup of Gn+m- Then take any irreducible polynomial 
representation W\ of the group Gn+m- The vector space W\{fi) — RomoMi^fi ,W\) 
comes with a natural action of the group Gjv. Put n = Xi — + X2 — ^2 + ■ ■ ■ - In this 
article, for any standard Young tableau S7 of skew shape A//i we give a realization of 
W\{fi) as a subspace in the n-fold tensor product (C^)®", compatible with the action 
of the group Gjv- This subspace is determined as the image of a certain linear operator 
Fn (M) on (C^)®", given by an explicit formula. 

When M = and W\{jj,) — W\ is an irreducible representation of the group G]v, we 
recover the classical realization of W\ as a subspace in the space of all traceless tensors in 
(C^)®". Then the operator Fn (0) may be regarded as the analogue for Gjv of the Young 
symmetrizer, corresponding to the standard tableau O of shape A. This symmetrizer 
is a certain linear operator on (C^)®" with the image equivalent to the irreducible 
polynomial representation of the complex general linear group GI/jv, corresponding to 
the partition A. Even in the case M — 0, our formula for the operator Fn (M) is new. 

Our results are applications of the representation theory of the twisted Yangian, 
corresponding to the subgroup Gjv of GLjv- This twisted Yangian is a certain one-sided 
coideal subalgebra of the Yangian corresponding to GLjv • In particular, Fn (M) is an 
intertwining operator between certain representations of the twisted Yangian in (C^) ® 
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0. Brief introduction 

This article draws on the ideas beginning with the Schur-Weyl duahty [W], 
passing through Gelfand-Zetlin bases [GZ1,GZ2] and continuing through 
Yangians [D] , with the aim of reahzing exphcitly irreducible representations 
of the orthogonal or symplectic classical group Gn- This group corresponds 
to a symmetric or alternating, non-degenerate bilinear form ( , ) on the A^- 
dimensional complex vector space C^. The irrcducuble representations of 
the group Gjv considered in this article are polynomial. By definition, they 
arc subrcprcscntations of tensor powers of the defining representation acting 
on C^. This work provides new explicit realization of the representation of 
Gat on the vector space (1.5). This vector space describes the multiplicities 
in the restriction of an irreducible representation of the group Gm+m to 
the subgroup Gm- Results follow for the branching rules for restricting 
irreducible representations from Gn+m to the subgroup Gn x Gm, see [P]. 

Here is an overview of this article. Section 1 gives an exposition of the 
principal results, with detailed references given throughout. Section 2 recalls 
the classical realization [W] of any irreducible polynomial representation of 
the general linear group GL^- This realization involves elements of the 
symmetric group rings, known as Young symmetrizers [Yl]. We also recall 
the approach to Young symmetrizers due to Cherednik [C2]. Following this 
approach, in Section 3 we construct analogues of the Young symmetrizers 
for the group Gn- This construction provides a realization of any irreducible 
polynomial representation of the group Gat, more explicit than in [W]. It 
is motivated by the representation theory of Yangians and of their twisted 
analogues [02]. The main results concerning branching rules for the groups 
GLjv and Gat are stated as Theorems 1.6 and 1.8, respectively. Theorem 1.6 
belongs to Cherednik [C3], its proof given in Section 4 is new. Theorem 1.8 
is new, its proof is given in Section 5. It is hoped that this work will further 
motivate the interest of readers in Yangians, see [MN,MO,NO]. 

A word of explanation is necessary in regard to our scheme of referring 
to theorems, propositions, lemmas and corollaries. When referring to them, 
we indicate the subsections where they respectively appear. There will be 
no more than one of each of them in every subsection, so our scheme should 
cause no confusion. For example, Theorems 1.6 and 1.8 mentioned above are 
the theorems appearing in Subsections 1.6 and 1.8, respectively. 

1. Main results 

1.1. Let V = (z/i, 1^2 ) • • •) be any partition of a non-negative integer n. The 
parts of V are arranged in the non-increasing order: z/i ^ z/2 ^ . . . ^ 0. As 

usual, denote by u' = 1/3 , . . .) the conjugate partition. In particular, z/J 
is the number of non-zero parts of u. Take any positive integer N ^ v'^. Let 



Representations of Yangians 



3 



Vu C (C )®" be the irreducible polynomial representation of the complex 
general linear group GLjv corresponding to the partition v. We will also 
regard representations of the group GL n as modules over the general linear 
Lie algebra gl^. Then Vu is an irreducible gljy-niodule of the highest weight 
(i/i , . . . , i/jv). Here we choose the Borel subalgebra in gljy consisting of the 
upper triangular matrices, and fix the basis of the diagonal matrix units 
Ell , ■ ■ ■ , Enn in the corresponding Cartan subalgebra of gljv- 

Now let A = (Ai, A2 , . . .) and /i = /i2 , . . .) be any two partitions. 
Take any non-negative integer M such that A( ^ N + M and //( ^ M. 
Consider the irreducible representations Vx and of the groups GLn+m 
and GLm , respectively. The decomposition = C^©C*^ provides an 

embedding of the direct product GL ^ x GLm into GL n+m ■ Consider the 
vector space 

Vx{^i) = -^lomGLM{y^^M■, (1.1) 

it comes with a natural action of the group GL . This action of GL jv may 
be reducible. The vector space Vx(/u) is non-zero if and only if A,; ^ /ij and 
X'- — ^ N for each i = 1,2, ... ; see [M, Section 1.5] . In this article, we 
will consider certain embeddings of Va(//) into the n-fold tensor product 
(C^)®" where 

n = Ai — /xi -I- A2 — /U2 + . . . . 

These embeddings will be compatible with the action of the group GLn . 

Suppose that Aj ^ Hi for each i = 1,2, . . . . Consider the skew Young 
diagram 

A//^ = { \i^j> Hi}. 

When |U = (0,0, . . .), this is the usual Young diagram of the partition A. 
We will employ the standard graphic representation [M] of Young diagrams 
on the plane with two matrix style coordinates. Here the first coordinate 
increases from top to bottom, while the second coordinate increases from 
left to right. The element (i,j) G A//i is represented by the unit box with 
the bottom right corner at the point (i,j) G M?. 

The set A//x consists of n elements. A standard tableau of shape \/n 
is any bijection i? : X/^i {1, . . . ,n} such that < Q{i + l,j) and 

f2{i,j) < + 1) for all possible Graphically, the tableau Q is 

represented by placing the numbers f2{i,j) into the corresponding boxes 
of X/fi on the plane M?. By filling the boxes with the numbers 1 , . . . , n by 
rows downwards, from left to right in every row, we get the row tableau 
of shape X/fi. The column tableau Q'^ of shape A/^ is also defined in the 
obvious way. Both Q"^ and Q'^ arc standard tableaux. Below we represent Q"^ 
and Q"^ for the partitions A = (5,3,3,3,3,0,0, . . .) and ji = (3,3,2,0,0, . . .): 
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In Section 2, for every standard tableau f2 of shape A //it we will define 
a certain element e^^ of the symmetric group ring C5'„. If fi = {0,0, . . .) , 
is a diagonal matrix element of the irreducible representation of the group 
Sn labeled by the partition A; see (2.1). If f2 is the row or column tableau 
of shape A, this matrix element is given explicitly by (2.3) and (2.4). When 
/X / (0,0, . . .), the element ea G CSn is defined by (2.12) and (2.13). 

We denote by Ea the operator on the n-fold tensor product (C^)®", 
corresponding to the clement e^^ € CSn under the action of the g roup Sfi 
by permutations of tensor factors. The vector space V\{fi) will be realized 
as the image of the operator Eq. Denote this image by Vq. The subspace 
Vq in (C-^)®" is preserved by the natural action of the group GL^. Thus 
Vf2 can be regarded as a representation of GLi\}. 

Proposition. The representations V\{ji) and Vq of GLpf are equivalent. 

We prove this proposition in Subsection 4.6. If = (0,0, . . .), then 
the representation Vq of GLn is equivalent to V\ by the classical duality 
theorem of Schur [W, Section IV. 4]. Note that for any partitions A and ^, 
the operator E{2 on the space (C''^)®"' does not depend on the integer M. 

1.2. There is a description of the operator E^} on (C^)®" of another kind. 
This description is obtained by the fusion procedure, due to Cherednik. For 
every k = 1, . . . ,n put Ck{Q) = j — i\ik = Q{i,j). The difference c,fc(J7) is 
the content of the box occupied by the number k in the tableau Q. In the 
above example n = 9, and the sequences of contents ci{Q^'), . . . ,c<j{Q') 
and ci(i7'^) , . . . , c^{fi'^) are respectively 

3,4,0,-3,-2,-1,-4,-3,-2 and -3,-4,-2,-3,0,-1,-2,3,4. 

Introduce n complex variables ti{Q) , ■ ■ ■ , tn{^i) with the constraints 

tk{fi) = ti{fi) if k and / occur in the same row of Q. (1.2) 

Alternatively to (1.2), as in [NT2, Section 2], we can impose the constraints 

tk{fi) = ti{f2) if k and I occur in the same column of f2. (1.3) 

Thus the number of independent variables among ti(l7) , . . . , tnii^) equals 
the number of non-empty rows of the diagram X/fi in the case (1-2), or the 
number of non-empty columns of A//x in the case (1.3). 
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Order lexicographically the set of all pairs {k , I) with 1 ^ k < I ^ n. 
Take the ordered product over this set, 



where Pki denotes the operator on the vector space (C exchanging 
the kth and /th tensor factors. Consider (1.4) as a rational function of the 
constrained variables ti{Q) , . . . ,tn{i^)- The next result goes back to [C3]. 

Theorem. The product (1.4) is regular at ti{f2) = . . . = t„(l7). The value 
of (1.4) at ti{f2) = . . . = t„(i7) coincides with the operator Eq . 

Most of the results of [C3] were given without proofs. In Section 2 of 
the present article we give all necessary details of the proof of this theorem. 

1.3. The principal aim of this article is to give analogues of the operator Eq 
for the classical complex Lie groups On and SpN- Let Gat be one of these 
two Lie groups. We will regard Gjv as the subgroup in GLjv, preserving a 
non-degenerate bilinear form ( , ) on C^, symmetric in the case = On 
or alternating in the case Gn = SpN- In the latter case has to be even. 
Throughout this article, we always assume that the integer A'^ is positive. 

The irreducible polynomial representations of Gn are labeled by the 
partitions of n = 0,1,2, ... such that + 1-^2 ^ ^ if Gn = On, and 
2i// ^ N if Gn = Spn; see [W, Sections V.7 and VI.3]. Denote by W„ 
the irreducible representation of Gn corresponding to u. Take any two 
distinct numbers /c, Z G {1 , . . . , n}. By applying the bilinear form ( , ) to a 
tensor w G (^{[3^)®" jj-^ the kth. and Ith tensor factors, we obtain a certain 
tensor (u G (([;;-^)'8(n-2)_ tensor w is called traceless if w = for all 
distinct A; and /. Denote by (C^)^" the subspace in (C^)®'' consisting of 
traceless tensors, this subspace is Gjv -invariant. Choose any embedding of 
the irreducible representation Vi^ of the group GLn, into the space (C^)®". 
Then can be embedded into (C^^') '=^" as K n (C^)®". 

Denote by Qn the Lie algebra of Gn, so that qn = son or qn = 
SpN- We will regard ^jv as a Lie subalgebra in gljy. We will also consider 
representations of the group Gat as 0Ar-modules. The 0Ar-module Wi, is 
irreducible unless qn = son and 2z^{ = N, in which case is a direct 
sum of two irreducible sojv-modules; see Subsection 3.6. The 50jv-module 
Wu may be reducible because the group On has two connected components. 

Take a non-negative integer AI and choose a non-degenerate bilinear 
form on the space C^, symmetric in the case Gn = On or alternating 
in the case Gn = SpN- In the latter case the integer M has to be even. 
Consider the corresponding subgroup Gm C GLm- If M = 0, the group 
Gm consists only of the unit element. Equip the direct sum C'^ © = 




(1.4) 
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C with the bilinear form, which is the sum of the forms on the direct 
summands. We get an embedding of the direct product Gn x Gm into 
Gn+m- Consider the irreducible representations W\ and of the groups 
Gn+m and Gm; respectively. Here we assume that the partitions A and /x 
satisfy the conditions from [W, Sections V.7 and VI.3] for the groups Gn+m 
and Gm , respectively, as described above. Introduce the vector space 

Wx{fi) = Rom G,AW^.,Wx), (1.5) 

it comes with a natural action of the group Gn ■ This action of the group 
Gn may be reducible. The vector space VFa(m) is non-zero if and only if 
Aj ^ fii and X[ — ^ N for each i = 1,2, . . . ; sec [P, Proposition 10.1] 
in the case Gn = On and [P, Proposition 10.3] in the case Gn = SpN ■ 
Thus for any given N we have Wx{fi) ^ {0} if and only if Vx{fi) 7^ {0}, see 
Subsection 1.1 above. Further, for any given N we have the inequality 

dim Wxin) ^ dim Vx{^i) . (1.6) 

For every standard tableau J? of shape X/fi, the results of the present article 
provide a distinguished embedding of the vector space Wxifi) into VxifJ-), 
compatible with the action of the group Gn C GLn; see [KS]. 

1.4. As in the case of the general linear group GLn, suppose that Aj ^ fii 
for all i = 1,2, ... . Take the skew Young diagram For any standard 
tableau f2 of shape A///, we will now construct an embedding of Wx{f^) into 
the tensor product (C^)®**, where n is the number of elements in the set 
A///. This embedding will be compatible with the action of the group Gn- 
Take any basis ui, . . . ,un in the vector space C^. Let vi, . . . ,vn be 
the dual basis in C^, so that {ui, Vj) = 6ij ior i,j = 1, . . . ,N. The vector 

N 

w{N) = J2'^i^^i ^ '^^^ (1-7) 

i=l 

docs not depend on the choice of the basis ui , . . . , un and is invariant under 
the action of the group Gn on C^® C^. Introduce the linear operator 

Q{N) : u(g)v ^ {u,v) -wiN) (1.8) 

in C^; it commutes with the action of the group Gn- The tableau 17 

defines the sequence of contents ci(l7), . . . ,c„(l7). In the case Gn = On, 
we will use the variables ti{f2) , - - - , t,i{Q) with the constraints (1.3). In the 
case Gn = SpN it is more convenient to use the variables ti(l7) , . . . , tn{f^) 
with the constraints (1.2). Take the ordered product over the pairs {k,l) 
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where Qki is the hnear operator on (C )®", acting as Q{N) in the A;th and 
Zth tensor factors, and acting as the identity in the remaining n — 2 tensor 
factors. Here the pairs (fc,/) are ordered lexicographically, as in (1.4). 

Throughout this article, we use the following convention. Whenever 
the double sign ± or =F appears, the upper sign corresponds to the case of 
a symmetric form ( , ) while the lower sign corresponds to the case of an 
alternating form. Now multiply (1.9) by (1.4) on the right, and consider the 
result as a rational function of the constrained variables t\{Q) , . . . , tn{^)- 

Theorem, a) If Gm = Ojv 0,^(1 the variables ti{f]) , ...,tn{f2) obey the 
constraints (1.3), then the ordered product of (1.9) and (1.4) is regular at 

tlif2) = . . . = tniO) = . 

b) If Gjsf = SpN and the variables ti{f2), ...,t„(f2) obey (1.2), then the 
ordered product of (1.9) and (1.4) is regular at ti{f2) = . . . = tn{i^) = \ ■ 

c) The operator value Fq{M) of the ordered product of (1.9) and (1.4) at 
ti{f2) = . . . = tn{Q) = is divisible on the left and on the right by Eq . 

Note that unlike Eq , the operator Fq (M) on the vector space (C^) "^"^ 
may depend on the non-negative integer M. Observe that 

Cfe(r2) + q(r2) ^ 3-2A'i if k^l. 

If the partition A satisfies the condition 2\\ ^ N + M, every factor in (1.9) 
is regular at ti{f2) = . . . = tn{^) = T 5 ■ Then by Theorem 1.2 we have 

The condition 2A'| ^ iV + M is satisfied when Gn = SpM, but may be not 
satisfied when Gjv = On- The proof of Theorem 1.4 is given at the end of 
Subsection 3.4. This proof also provides an explicit formula for Fq (M) in 
the case Gn = On for any A. 

When Gn = Ojv and Q = Q^, this explicit formula for the operator 
Fq{M) on the space (C^)®" is particularly simple. Namely, for Gn = On 

Foc(M) = T\ ( 1 ^ -Eao (1.10) 

' Ck{f2^) + Clin-) + N + M - 1 J ^ ' 

where the ordered product is taken over all pairs {k,l) such that k and I 
appear in different columns of the tableau i?'^. For any such pair we have 
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so that each of the denominators in (1.10) is non-zero. The operator Eqc on 
(C^)®" corresponds to the element e^c of the symmetric group ring CSn- 
If M = 0, the element en<^ G CSn can be written explicitly by using (2.4). 

When Gn = SpN, the definition of the operator Fa{M) on (C^)®" 
can be simplified for the row tableau fi = fi^ . Namely, for Gn = SpN 

(k,l) 

where the ordered product is taken over all pairs {k,l) such that k and I 
appear in different rows of the tableau [2^. The operator Es^r on (C^)®" 
corresponds to the element es^r of the group ring CS^- If M = 0, the 
element e^r G CS'„ can be written explicitly by using (2.3). The simplified 
formulas (1-10) and (1-11) will be derived at the end of Subsection 3.4. 

The vector space VI^a(m) will be realized as the image of the operator 
Fq{M). Denote this image by Wa{M). The subspace Wo{M) in (C^)®" 
is preserved by the natural action of the group Gn because the operator 
Ff2 (M) commutes with this action by definition. Thus Wi2 (M) can be 
regarded as a representation of the group Gn- 

Proposition. Representations Wx{fi) andWf2{M) of Gn are equivalent. 

The proof is given in Subsection 5.6. Due to Theorem 1.4, the image 
Wa (M) of the operator Fq (Af ) is contained in the subspace Va C (C-^)®". 
If M = 0, then we have the equality 

Wo{0) = Von{C'')T for fi = {0,0,...); (1.12) 

see Proposition 3.3. For general M and fi, the image Wa (M) of the operator 
Fn{M) may differ from the intersection Vq H (C'^)®". Still our proof of 
Proposition 1.4 is based on the equality (1.12). Even when M = and 
IJL= (0,0, . . . ) , our formulas for the operator Fq (0) are new. The operator 
Fq (0) can be regarded as an analogue of the Young symmetrizer [Yl] for 
the classical groups On and SpN instead of GLn, see Subsection 3.3 below. 
This provides a solution to a problem formulated by Weyl, see [W, p. 149]. 

If fi 7^ (0,0, . . .), the operator Fq{M) can also be defined via (3.26) 
and (3.35); see (2.12) and (2.13). Our definition of the operator Fa(M) is 
motivated by the representation theory of Yangians [MNO] , see below. 

1.5. By definition, the vector space V\{^) is irreducible under the natural 
action of the subalgebra of GL^ -invariants in the universal enveloping 
algebra U(fl[jv+M) ■ We denote this subalgebra by An{M) ; it coincides with 
the centralizer of the subalgebra \J{glM) ^ 'U{qIn+m) ■ In Section 4 we 
describe the action of the algebra An{M) on V\{ji) explicitly, by using the 
YangianY{glN) of the general linear Lie algebra gljy. The Yangian Y(fl[jv) is 
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a deformation of the universal enveloping algebra of the polynomial current 
Lie algebra 0(Ar[a;] in the class of Hopf algebras, see [D] for instance. 

The unital associative algebra Y(gl^) has a family of generators T^j^ 
where a = 1, 2, . . . and i,j = 1, . . . ,N. The defining relations for these 
generators can be written in terms of the formal power series 

Tijix) = Sij ■ 1 + T^fx-^ + T^fx-'' + . . . G Y(0[^) [[x-i]] . (1.13) 

Here x is the formal parameter. Let y be another formal parameter. Then 
the defining relations in the associative algebra Y{q{^) can be written as 

{x-y)- [Tij{x),Tki{y)] = Tkj{x)Tu{y) - Tkj{y)Tii{x) , (1.14) 

where i,j ,k,l = 1, ... ,N . The square brackets in (1.14) denote the usual 
commutator. If A'^ = 1, the algebra Y(3[jY) is commutative. Using the series 
(1.13), the coproduct A : Y{qI^) — > Y{gipf) (g) Y{qIj^) is defined by 

TV 

A{Tij{x)) = ^ Tikix) ® Tkjix) ; (1.15) 
k=l 

the tensor product at the right-hand side of the equality (1.15) is taken 
over the subalgebra C[[x^^]] C Y(0ljY) [[x^-*^]] . The counit homomorphism 
e : Y(qIj^) ^ C is determined by the assignment e : Tij{x) i-^ 6ij ■ 1. 
The antipode S on Y(g[jv) can be defined by using the element 

N 

T{x) = Eij ® Tij{x) e End(C^) ® Y(fl[jv) [[a^"']] , (1-16) 

where the matrix units Eij are regarded as basis elements of the algebra 
End(C^). The formal power series (1.16) in x~^ is invertible, because its 
leading term is 1. The anti-automorphism S is defined by the assignment 

id (g) S : T{x) ^ T{x)-^ . 

We also use the involutive automorphism of the algebra Y(0[jv) defined 

by the assignment , . , , i , , 

id^^N ■T{x)^T{-x)-^ . (1.17) 

For references and more details on the definition of the Yangian Y(0l^) see 
[MNO, Section 1]. Some of these details are also given in Section 4 below. 
The defining relations (1.14) show that for any z e C, the assignment 

: Tij{x) ^ Tij{x - z) for all i,j = \, ...,N (1.18) 

defines an automorphism of the algebra Y(0[jv)- Here the formal power 
series Tij{x — z) in {x — z)~^ should be re-expanded in x~^. Regard the 
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matrix units Eij £ qIj^ as generators of the universal enveloping algebra 
U(fl[jv)- The relations (1.14) show that the assignment 

ajv : Tij{x) ^ % • 1 - Eji x'^ (1.19) 

defines a homomorphism '■ Y(0ljv) U(0[;v) of associative algebras. 
By definition, the homomorphism ajv is surjective. 

By pulling the standard action of the algebra U^qIn) o^i the space C"^ 
back through the composition of the homomorphisms 

aiv o : Y(fl[^) ^ , (1.20) 

we obtain a module over the algebra Y(g[;\r), called an evaluation module. 
To indicate the dependence on the parameter z, let us denote this Y{qIj^)- 
module by V{z). The operator Eq on the vector space ^C^)®" admits 
the following interpretation in terms of the tensor products of evaluation 
modules over the Hopf algebra Y(g[jy). Let Pq be the linear operator on 
(C^)®"^ reversing the order of the tensor factors. This operator corresponds 
to the element of the maximal length in the symmetric group Sn- 

Proposition. The operator EqPq is an intertwiner of the Y{q[^) -modules 

V{Cn{f2)) ... V{ci{Q)) V{ci{Q)) ... V{Cn{f2)) . 

By Proposition 1.5, the image Vq of the operator Eq is a submodule in 
the tensor product of evaluation Y(g[^) -modules V{ci{Q))®. . .(8)F(c„(^?)). 
This interpretation of Eq and Vq is due to Cherednik [C3]. We obtain 
Proposition 1.5 as a particular case of Proposition 4.2. 

If M = and /X = (0 , ,...), the image of the operator Eq on (C^) ® " 
is equivalent to Vx as a representation of the group GL^- Proposition 1.5 
then turns V\ into Y(gljv) -module. The resulting Y(gljv) -module can also 
be obtained from the irreducible gljv -module V\ by pulling back through 
the homomorphism ajv; this is a particular case of Theorem 1.6 below. 

1.6. Olshanski [01] has defined a homomorphism from the algebra Y(g[jy) 
to the subalgebra Ajv(M) of GLjy^-invariants in U(gl7v+M)) foi' each non- 
negative integer M. Along with the centre of the algebra U(gl7v+M)) the 
image of this homomorphism generates the algebra A-n{M). We will use 
the following version of this homomorphism, to be denoted by a^M ■ 

Let the indices i,j range over the set {1, . . . ,N + M}. Consider the 
basis of the matrix units Eij in the Lie algebra glAr+M- We assume that 
the subalgebras gl^v and gl^/ in gljv+M are spanned by elements Eij where 

l^iJ^N and -h 1 ^ i, j ^ + M, (1.21) 

respectively. The subalgebra in the Yangian Y(g[jy_|_^^) generated by T-j^ 
where 1 ^ i , j ^ A , by definition coincides with the Yangian Y(gtjY). Let us 
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denote by ipM this natural embedding Y(0[^) Y(01jv+m)- Consider also 
the involutive automorphism ^n+m of the algebra ^{q^-n+m) ^ see (1.17). 
The image of the homomorphism 

OtN+M ° ^N+M o ■ Y(0[^) U(01jv+m) 

belongs to the subalgebra A]v(M) C U(0[jv+M) • Moreover, this image along 
with the centre of the algebra U(gljv+M) ) generates the subalgebra Ajv(M) . 
For the detailed proofs of these two assertions, see [MO, Section 2]. In the 
present article, we use the homomorphism Y{glj^^) V{qIn+m) 

OLNM = OLN+M O ^N+M O O ■ (1-22) 

Note that when M = 0, the homomorphism (1.22) coincides with on. 

Take any formal power series g{x) G C[[a:""^]] with the leading term 1. 
The assignment 

Tij{x)^ g{x)-Tij{x) (1.23) 
defines an automorphism of the algebra Y(0[^), see (1.13) and (1.14). Put 

In the product (1.24) over k, only finitely many factors differ from 1. So 
g^{x) is a rational function of x. We have g^{oo) = 1; therefore g^{x) 
expands as a power series in x~^ with the leading term 1. 

As in Subsection 1.1, suppose that A( ^ N + M and fi[ ^ M. The 
space VxilJ.) comes with a natural action of the algebra An{M). Regard 
Va(m) a module over the algebra Y(g[jv), by using the composition of 
the homomorphism a^M ■ Y(fl[^) Aj\i{M) with the automorphism of 
Y(0[jv) defined by (1.23), where g{x) = g^{x). By Proposition 1.5, the 
image Vq of the operator Eq can also be regarded as an Y(0[^) -module. 

Theorem. The Y{q{j^) -modules Vx{^) and Vq are equivalent. 

This result goes back to [C3, Theorem 2.6]. The proof of Theorem 1.6 
is given in Subsections 4.4 to 4.6 of the present article. The algebra Ajv(M) 
acts on V\{lj) irrcducibly; the central elements of ^{qIn+m) ^-ct on V\{ijl) 
as scalar operators. So Theorem 1.6 has a corollary, see [NT2, Section 4]. 

Corollary. The Y{q[j^) -module Vq is irreducible. 

The Yangian Y(0l^) contains the universal enveloping algebra U(0(^) 

as a subalgebra. The embedding U(0ljv) — > Y(0l^) can be defined by the 

assignment n~i , . 

Ei,^-T^\ (1.25) 
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This embedding provides an action of U(0[;y) on the Y(g[jv) -module Va(/u) . 
On the other hand, the vector space V\(ii) comes with a natural action 
of U(0l7v) a subalgebra of ^{qIn+m) ■ This natural action of U(0[^) on 
Vx(/i) coincides with its action as a subalgebra in Y(g[^), sec Subsection 4.3. 

The subspace Vq C (C'^)®" is preserved by the standard action of 
the Lie algebra gljy (C'^)®"', because this subspace is the image of the 
operator Eq corresponding to an element of the symmetric group ring CSn ■ 
Hence U(0l^) acts naturally on the vector space Vn as well. This natural 
action of U(gljv) on Vo coincides with its action as a subalgebra in Y{glj^), 
see again Subsection 4.3. 

Note that the natural action of the Lie algebra qIj^ on the vector space 
Vx{iJ,) may be reducible. Using Theorem 1.6 and its Corollary 1.6, we can 
identify the vector space V\{n) with the subspace Vo in (C^)®" uniquely, 
up to multiplication in Vn by a non-zero complex number. Theorem 1.6 
can be regarded as sharpening of Proposition 1.1. Moreover, we will obtain 
Proposition 1.1 in the course of the proof of Theorem 1.6. In the proof of 
Theorem 1.6, we will use Proposition 2.4. 

1.7. Let us now consider the universal enveloping algebra \J{qn+m)- Denote 
by Hn{M) the subalgebra of Gjvf -invariants in U(07v+Af)- Then Bjv(M) 
contains the subalgebra U(0Ar) C V^qn+m)- In the case = sp^v, Bn{M) 
coincides with the centralizer of the subalgebra U(spA^) C \J{sppf_^]^) . In 
the case g^r = son, BAr(M) is contained in the centralizer of the subalgebra 
U(soAf) C U(sOiv+Af), but may not coincide with the centralizer. 

In the case Gn = SpN, the vector space is irreducible under the 

action of the algebra Bn{M). In the case Gn = On, the Bjv(M) -module 
W\{p) is either irreducible, or splits as a direct sum of two irreducible 
B7v(M) -modules. It is irreducible if Wx is irreducible as a so at+m -module, 
that is, if 2X[ ^ N + M. But the condition 2A'^ ^ N + M is not necessary 
for the irreducibility of the Bjv(M) -module W\{ji) in the case Gn = On', 
see [P, Proposition 10.1]. In any case, W\{^i) is irreducible under the joint 
action of the algebra V>n{M) and the subgroup Gn C Gn+m- 

In Section 5 we explicitly describe the action of B7v(M) in W\{^), by 
using the twisted Yangian Y(g[jv, cr). Here a is the involutive automorphism 
of the Lie algebra g[^, such that — cr is the operator conjugation with respect 
to the bilinear form ( , ) on C^. Then gAr C gljy is the subalgebra of CT-fixed 
points. The associative algebra Y(g[jY, cr) is a deformation of the universal 
enveloping algebra of the twisted polynomial current Lie algebra 

{A{x)eQlN[x]:a{Aix)) = Ai-x)}. 

The deformation Y(g[Ar, a) is not a Hopf algebra, but a coideal subalgebra 
in the Hopf algebra Y(g[jv)- The definition of the twisted Yangian Y(g[Ar, cr) 
was motivated by the work of Sklyanin [S] on quantum integrable systems 
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with boundary conditions. This definition was given by Olshanski [02] with 
an assistance from the author of the present article, see [MO, pp. 273-274]. 

As in Subsection 1.5, let the indices i,j range over the set {1 , . . . , N}. 
The subalgebra Y{glj^,a) of the associative algebra Y(0l^) is defined in 
terms of the generating series (1.13) as follows. Let T{x) be the element 
of the algebra End(C^) ®Y{qIj^) [[x~^]], obtained by applying to T{x) the 
conjugation with respect to ( , ) in the first tensor factor, and by changing 
X to —X. Then consider the element 

fix) T{x) e End(C^) ® Y(g[^) [[x-^]] . (1.26) 

The subalgebra Y{Ql^,a) in Y(g[7v) is generated by the coefficients of all 
the formal power series from Y(g[jv) [[a^~^]]) appearing in the expansion of 
the element (1-26) relative to the basis of matrix units Eij in End(C^). 

To give the defining relations for these generators of of Y(gl^, a) , let us 
introduce the extended twisted Yangian X(0[^,(t). The unital associative 

algebra X(f|[^, a) has a family of generators sj^^^ where a = 1, 2, ... . Put 

Sijix) = Sij ■ 1 + Slpx'' + + ... e X(flt^, a) [[x'^]] . (1.27) 

The defining relations for these generators are given in Subsection 5.1, using 

N 

Six) = Eij Sijix) e End(C^) X(fl[jv,a) [[x"^]] . (1.28) 

One can define a homomorphism ttjv : X(fl[jv,o") — > Y(gljY,(T) by assigning 
id®TrN:Six)^fix)Tix). (1.29) 

By definition, the homomorphism ttn is surjective. Further, the algebra 

X(g[^,cj) has a distinguished family of central elements D^^\D^'^\ ... . 
These elements of X(g(jv,(7) are defined in Subsection 5.1, using the series 

Dix) = 1 + D^^^x-^ + + . . . G X(g[^, a) [[x'^]] . (1.30) 

By [MNO, Theorem 6.4] the kernel of the homomorphism ttjv coincides with 
the (two-sided) ideal generated by the central elements D^^\D^'^\ .... 

Thus the algebra Y(g[jv, a) is defined by the generators S^°^ satisfying 
the relation D(x) = 1 and the reflection equation (5.1). This terminology 
has been used by physicists; sec [MNO, Section 3] for the references, and for 
more details on the definition of the algebra Y(0[;y! cf). In the present article 
we need the algebra X(gljY, a) , which is determined by (5.1) alone, because 
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this algebra admits an analogue of the automorphism ^jv of Y(0[^). By 
[MNO, Proposition 6.5] the assignment 

id ^ riN ■■ S{x)^ S{-x- (1.31) 

defines an involutive automorphism 77Ar of the algebra X(g[jv,(T). However, 

TjN does not determine an automorphism of the algebra Y(g[^, a) , because 
the map tjn does not preserve the ideal of X (gljY, o") generated by the central 
elements D(^\D(^\ . . . ; see [MNO, Subsection 6.6]. 

Note that when z ^ 0, the automorphism of the algebra Y(0l^) 
does not preserve the subalgebra Y{gij^,a) C Y(g[jv); see (1.18). There is 
no analogue of the automorphism for the algebra X(0l^,cj). 

Let us now regard Eij as basis vectors of the Lie algebra gljy- The 
defining relations (5.1) of the algebra X(0ljY, a) imply that the assignment 

: S,j{x) ^ % • 1 - (1.32) 

defines a homomorphism of associative algebras Pn '■ ^{q^n^'^) ~^ U(gjv) ; 
see [MNO, Proposition 3.11]. According to our general convention, here 
the upper sign in it corresponds to the case Gn = On while the lower sign 
corresponds to Gtv = SpM- The homomorphism is surjective. Moreover, 
Pn factors through ttn . Note that the homomorphism Y(gljv, cr) ^ U(0 at) 
corresponding to cannot be obtained from '■ Y(g[jv) '^{q^n) 
by restriction to the subalgebra Y{qIn,o-), because the image of Y(fl[jv,(7) 
relative to aj\ is not contained in the subalgebra U(3Ar) C U(0l^). The link 
between the homomorphisms and Pn was given by [N3, Proposition 2.4], 
see also [MN, Lemma 3.8] and Lemma 5.4 of the present article. 

The formulas (1.15), (1.16) and the definition (1.26) imply that for any 
choice of the symmetric or alternating non-degenerate form ( , ) on C'^, 
the subalgebra Y{gij^,a) in Y(g[^) is also a right coideal: 

/A(Y(g[^,a)) C Y(g[^,c7)®Y(g[^). (1.33) 

Although this fact is underlying for our results, it is not directly used in the 
present article. Using (1.33), for any Y(g[jv, (7)-module W and any Y(g[jv)- 
module V, one turns the vector space WiSiV into a Y(gl^, d) -module again. 
In our case W is going to be the trivial Y(gl7v, o") -module C defined via the 
restriction to Y(gtjv,cr) of the counit homomorphism £ : Y(gl^) ^ C. 

Let us extend a to an automorphism of the associative algebra U(g[jv)- 
For any z G C, define the fAvisted evaluation module V (z) over the algebra 
Y(g[jv) by pulling the standard action of the algebra U(g[7v) on the vector 
space back through the composition of homomorphisms 



a o OAT o r_2 : Y(gtjv) U(gljv) , (1-34) 
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see (1.20). It follows from the definition (1.26) that the evaluation module 

V{z) and the twisted evaluation module V {z) over Y(gljv) have the same 
restriction to Y(g[^,a) C Y(g[jv); see Subsection 5.2 for the explanation. 
The linear operator Fq{M) on (C^)®" has the following interpretation, 
in terms of the restrictions to Y(0ljy,cj) of tensor products of evaluation 
modules over the Hopf algebra Y(01;y); see Proposition 1.5. Put 

4(^2) = Cfc(^?) + f =F ^ for each k = l,...,n. (1.35) 
Proposition. The operator Fq (M) is an intertwiner o/Y(g[jv, a)-modules 

V{di{Q)) ® . . . (g) V{dn{n)) y(cZi(r?)) V{dn{^)) . 

Therefore the image Wq (M) of the operator Fq (M) is a submodule 
in the restriction of the tensor product of evaluation Y(g[jv) -modules 

V{di{Q))® ...(^V{dn{0)) (1.36) 

to Y(0[^,(t) C Y(gl^). This interpretation is the source of the definition 
of Fq (M) and Wq (M). Proof of Proposition 1.7 is given in Subsection 5.3. 

If ;U = (0, 0, . . . ) and M = 0, the image of the operator Fq{M) on 
(C^)*^" is equivalent to Wx as a representation of the group Gn; see (1.12). 
Proposition 1.7 turns Wx into a Y(gljv, d) -module. This Y(0l^, d) -module 
can also be obtained from the ^at -module Wx by pulling back through the 
homomorphism /3jv; this fact is a particular case of Theorem 1.8 below. 

1.8. Extending the results of [01] from gljy to other classical Lie algebras 
qn = son and qn = sp^, Olshanski [02] defined a homomorphism from 
Y(g[^, a) to the subalgebra Bn{M) of Gm -invariants in U(giv+M) , for each 
non-negative integer M. Along with the subalgebra of Gjv+M -invariants in 
\J{qn+m), the image of this homomorphism generates the algebra Bjv(-M). 
We will use the following version of this homomorphism for the algebra 
X(g[^, fj) , to be denoted by Pnm ■ 

Let the indices i,j range over {1, . . . , -|- M}. In Subsection 1.6 we 
chose the basis of the matrix units Eij in the Lie algebra 0[]v+m so that 
the subalgebras qI^ and glj^ in a/ arc spanned by elements Eij , where 
the indices i,j satisfy (1.21). Now assume that qn C qI^ and qm C qI-m ■ 

Consider the extended twisted Yangian X(g[^_,_J^^, a) , where —cr is the 
conjugation with respect to the form ( , ) on C^"*"^. By definition, the 
subalgebra in X{q1^^j^, a) generated by those S^^j^ where 1 ^ i,j ^ N , 
coincides with X{glj^,a). Let us denote by tpM this natural embedding of 
the algebra X{Ql^,a) into X(gl^_^A^, cr) . 

Consider also the involutive automorphism rj^+M of X (gtjv+M) ^) > 
(1.31). The image of the homomorphism 

Pn+m o Vn+m o V'm : X(gljv,(T) \]{qn+m) (1-37) 
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belongs to the subalgebra Bjv(-M) C V{qn+m) ■ This image along with 
the subalgebra of Gat+m -invariants in U(gAr+M), generates the subalgebra 
Bjv(M) . The proofs of these two assertions are contained in [MO, Section 4]. 
In the present article, we use the homomorphism X(0[^,(t) — '^{qn+m) 

Pnm = Pn+m o Vn+m o i>M o Vn- (1.38) 

This is an analogue of the homomorphism (1.22). Note that when M = 0, 
the homomorphism (1.38) coincides with Pn ■ 

For any formal power series g{x) G C[[a;^^]] with the leading term 1, 

the assignment c c ^ ^ ^ c c ^ n m\ 

Sij{x) g{x) ■ Sij{x) (1.39) 

defines an automorphism of the algebra X(0l^,(j), this follows from (1.27) 
and (5.1). Note that (1.39) determines an automorphism of the quotient 
Y(0t7V) cr) of X(0[^, a) if and only if g{x) = g{—x) ; see Subsection 5.1. 

As in Subsection 1.3, suppose that the partitions A and /i satisfy the 
conditions from [W] for the groups Gjv+m and Gm , respectively. Consider 
the vector space Wa(/u) which comes with a natural action of the algebra 
B7v(M). Regard Wx^fi) as a module over the algebra X(g[jY,o'), using the 
composition of the homomorphism Pnm '■ X(flljV)'^) ~^ Bjv(M) with the 
automorphism of the algebra X{Qlj^,a), defined by (1.39) where 

g{x)=g^{x-f±^); (1.40) 

see (1.24). By Proposition 1.7, the image Wa{M) of the operator Fq{M) 
can also be regarded as an Y(0[^, a) -module. 

Theorem. The action of the algebra X(fltjv,(T) on W\{ii) factors through 
the homomorphism ttjv : X(01jy,(t) — ^ Y(f|[jy,cr). The Y{q[j^^ a) -modules 
W\{ii) andWQ{M) are equivalent. 

Together with the explicit construction of the subspace Wq{M) in 
(C^)®", this analogue of Theorem 1.6 is the main result of the present 
article. The proof of Theorem 1.8 is given in Subsections 5.4 to 5.6. 

1.9. The twisted Yangian Y(0l^, a) contains the enveloping algebra U(0jv) 
as a subalgebra. The embedding U(0Ar) Y(0[jv, c) can be defined by 

Eij+CT{Eij) ^ -T^Nisf), (1.41) 

see [MNO, Proposition 3.12]. This embedding yields an action of U(0Ar) 
on the Y(0[jv,(7) -module Wx{ii)^ see the first statement of Theorem 1.8. 
On the other hand, the vector space W\{ii) comes with a natural action of 
the subgroup Gn C Gn+m- The corresponding action of U(0Ar) on W\{pL) 
coincides with its action as a subalgebra in Y{Q[pf,a), see Subsection 5.7. 
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The subspacc Wn(M) c (C^)®" is preserved by the standard action 
of the group Gn on (C^)®". So U(0Ar) acts naturally on the vector space 
Wf2 {M) as well. This natural action of U(gAf) on Wq (M) coincides with its 
action as a subalgcbra in Y(g[^, cr), see again Subsection 5.7. Theorem 1.8 
thus agrees with Proposition 1.4. 

The Gm -invariant elements of ^{qn+m) act on the space Wxip) as 
scalar operators. In the case Gn = Sp^^ the Y(g[jv, c") -module W\{ii) is 
therefore irreducible. In the case Gm = Ojv, is irreducible under the 

joint action of the algebra Y(gljy,(T) and of the group Gjv- In our proof of 
Theorem 1.8 we construct a surjcctivc linear operator W\{ii) — ^ Wq{M), 
which intertwines the actions of both Y(0ljy,(T) and Gjv- Hence our proof 
of Theorem 1.8 has a corollary, cf. Corollary 1.6. 

Corollary, a) If G^ = SpN, the Y{q[j^, a) -module Wq{M) is irreducible, 
b) If Gn = On, Wa{M) is irreducible under action of Y{glN,cr) and On- 

In the case when Gn = On, the Y(gl^, o") -module Wq{M) is either 
irreducible, or splits as a direct sum of two irreducible submodules; see the 
beginning of Subsection 1.7 for more details. 

Using Corollary 1.9, we can identify Wx{lj) with the subspace Wq{M) 
in (C^)®"^ uniquely, up to multiplication in Wf2{M) by a non-zero complex 
number. This identification is compatible with the action of Gn- Thus we 
sharpen Proposition 1.4. Moreover, we will obtain Proposition 1.4 in the 
course of the proof of Theorem 1.8. In this proof, we will use Proposition 3.5. 

By Theorem 1.4, Wa (M) is a vector subspace in the image Vq of the 
operator Eq. As explained in Subsection 1.6, we can identify the vector 
space Vx^fi) with Va uniquely, up to multiplication in by a non-zero 
complex number. Using the identification of W\{ii) with Wa (M) as above, 
we obtain a distinguished embedding of the vector space W\{iJ,) into V\{iJ,); 
see the inequality (1.6). This embedding is compatible with the action of 
the subgroup Gn C GLn, and depends on the choice of standard tableau i? 
of shape A//x. This result supports a thesis of Cherednik [C3], that Yangians 
are "hidden symmetries" of the classical representation theory. 

The subspace Vq in (C"^)®" can also be regarded as a submodule in 
the tensor product of evaluation Y(g[^) -modules (1.36); this follows by 
setting z = ^ =F ^ in Proposition 4.2. Denote this Y(0[jv)"Snbmodule by 
Vi2 (M) . By Proposition 1.7, then Wq (M) is a submodule in the restriction 
of Va{M) to the subalgebra Y(gl^,cr) C Y(0[^). 

Let us now consider the case when N = 2 and Gn = Sp2- Then the 
equality of dimensions in (1.6) is attained, see [P, Proposition 10.3]. In 
this case, the restriction of the Y(£|[2) -module Vq{M) to the subalgebra 
Y(g[2, (t) C Y(gl2) is irreducible, and coincides with Wq (M) . So Wq (M) is 
an irreducible Y(gl2) -module in this case. By using Theorem 1.8 along with 
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[NTl, Corollary 2.13], one then derives [Ml, Theorem 5.2] which describes 
W\{iJ,) as ¥(512) -module, and which has been pivotal for this work of Molev. 

In another special case when N = 2 and Gn = O2, our results on the 
vector space Wx{iJ,) are different from those implied by [M2, Theorem 3.2] 
and [M3, Theorem 2.3] : unlike Molev, in this case we work with the non- 
connected Lie group O2+M rather than with its Lie algebra SO2+M ■ In any 
case, the methods of this article are different from those of [M1,M2,M3]. 

2. Young symmetrizers 

2.1. We begin this section with recalling several classical facts [Y1,Y2] 

about the irreducible representations of the symmetric group Si over the 
complex field C. These representations are labeled by partitions of I. We will 
identify partitions with their Young diagrams. Denote by U\ the irreducible 
representation of Si corresponding to the partition A. We will also regard 
representations of the group Si as modules over the group ring CSi . Fix the 
chain 5i C ^2 C . . . C -S; of subgroups with the standard embeddings. 

There is a decomposition of the space Ux into a direct sum of one- 
dimensional subspaces, labeled by the standard tableaux of shape A. The 
one-dimensional subspace Ua C U\ corresponding to a standard tableau A 
is defined as follows. For any m £ {1, . . . ,1 — 1} take the tableau obtained 
from A by removing the numbers m + 1, . . . ,1. Let the Young diagram /x 
be the shape of the resulting tableau. Then the subspace Ua is contained 
in an irreducible C5m-submodule of Ux corresponding to fi. Any basis of 
Ux formed by vectors ua G Ua is called a Young basis. Fix an S'i-invariant 
inner product ( , ) on ?7;^. All the subspaces Ua C Ux are then pairwise 
orthogonal. We choose the vectors ua € Ua so that {ua,ua) = 1. 

For any standard tableau A, denote by Sa (respectively by S^) the 
subgroup in Si preserving the collections of numbers appearing in every 
row (every column) of the tableau A. Then introduce the elements of CSi 



The product paQA £ CSi is the Young symmetrizer corresponding to A. By 
[Yl] the normalized product pA Qa • dim Ux/l^- is a minimal idempotent in 
the group ring C5;. The left ideal in CSi generated by the element paQa 
is equivalent to the representation Ux , under the action of the group Si on 
this ideal via left multiplication. 

For any standard tableau A consider the diagonal matrix element of 
the representation Ux corresponding to the vector ua , 




and 




s&Sa 



eA = 



'^{ua,s-ua)s e CSi . 

seSi 



(2.1) 
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We have the equahty 

e\ = eA-l\/ di-mUx- (2.2) 

There is an exphcit formula for the element ca of the group ring CSi . 
This formula is particularly simple when A is the row tableau , or the 
column tableau A*^ . Using the lemma from [W, Section IV.2], one can obtain 

Proposition, a) There are equalities of elements of CSi 

= PArqArPAr/XllX2^- ■ ■ ■ , (2.3) 

SAC = qAcpA'^ gyl^/Ai ! A2 ! . . . . (2.4) 
b ) There exist invertible elements p,q E CSi such that 

PAr qA^ PA^ = PA^ QA^ P and g^i^ pA<^ qA'^ = QA'^ PA'^ Q ■ 

For any A; = 1 , . . . , i — 1 let G 5; be the transposition of k and k + 1. 
An expression for the matrix element eA with arbitrary A can be obtained 
from cither of (2.3) and (2.4) by using the formulas [Y2] for the action of the 
generators si , . . . , s;_i of the group Si on the vectors of the Young basis. 
Fix any standard tableau A. For every k = 1, ... ,1 let Ck = Ck{A) be the 
content of the box occupied by k in A. Consider the tableau s^A obtained 
from A by exchanging the numbers k and k + 1. The resulting tableau may 
be non-standard. This happens exactly when k and k + 1 stand (next to 
each other) in the same row or column of A. But Cfc 7^ c^+i always; put 
h = (cfc+i — Ck)~^. If SkA is non-standard, we have h = 1 ox h = —1. 

So far the vector ua has been determined up to a multiplier z E C 
with \z\ = 1. Due to [Y2] all the vectors of the Young basis can be further 
normalized so that for any standard tableati A and k = 1, . . . ,1 — 1 

_ ( huA + Vl — h"^ Wsfe/l if SkA is standard; r\ 
Sk ■ UA — <, , i-u ■ v^'^-' 

inuA otherwise. 

This normalization determines all the vectors of the Young basis up to a 
common multiplier z E C with \z\ = 1. If the tableau SkA is standard, then 



Vl-^ Us^A = (sfc - h) UA (2.6) 
due to (2.5). Then by the definition (2.1) we have the relation 

{1- h'^)esi^A = {sk- h)eA{sk- h). (2.7) 

For any standard tableau A there is a sequence of transpositions Sk^ , . . . , Sk^^ 
such that A = Sk^^ ■ . . Sk-^A^ and the tableaux Sk^ . ■ ■ s^jTl^ are standard for 
all a = 1 , . . . , 6 ; see for instance [Nl, Section 2]. Using (2.7) repeatedly, one 
can derive from (2.3) an explicit formula for the element ca G -S*;. Another 
explicit formula for eA can be derived in a similar way from (2.4). 
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2.2. There is an expression for the clement ba € CSi of another kind. This 
expression is obtained by the so-called fusion procedure [C2]. For every two 
distinct indices introduce the rational function oi x ,y & C 

f,j{x,y) = l-^ , (2.8) 

X — y 

valued in CSi; here {ij) G Si is the transposition of i and j. As direct 
calculation shows, these rational functions satisfy the relations 

fij{x,y) fik{x,z) fjk{y,z) = fjk{y,z) fik{x,z) fij{x,y) (2.9) 

for pairwise distinct indices i,j,k. For pairwise distinct i,j,m,n we also 
have 

fij{x,y) fmn{z,w) = fmn{z,w) fij{x,y) . (2.10) 

Now take / complex variables ti, ■■■,ti. Order lexicographically the 
set of all pairs with 1 ^ i < j ^ I. The ordered product over this set, 

n fij{ci+ti,cj+tj) (2.11) 

is a rational function of ti , ■ ■ ■ ,ti with values in CSi. This function depends 
only on the differences U — tj. Denote by the set of tuples (ii , ■ ■ ■ ,ti) 
such that ti = tj whenever the numbers i and j appear in the same row of 
the standard tableau A. Alternatively, we can choose Ty\ to be the set of all 
tuples {ti, ■ ■ ■ ,ti) such that ti = tj whenever the numbers i and j appear 
in the same column of A. The following proposition goes back to [C2]. 

Proposition. Restriction to Ta of the rational function (2.11) is regular 
at ti = . . . = ti . The value of this restriction at ti = . . . = ti coincides with 
the element ca € CSi . 

In its present form. Proposition 2.2 has been proved in [N2, Section 2]. 
The proof actually provides an explicit formula for the element sa € CSi , 
different from those obtained by using (2.3) or (2.4). 

2.3. We need a generalization of Proposition 2.2 to standard tableaux of 
skew shapes [C2]. Take any m & {0, ... ,1 — 1} . Let T be standard tableau 
obtained from A by removing the boxes with the numbers m + 1, . . . J. 
Let fi be the shape of the tableau T. Define a standard tableau of the 
skew shape Xf/j, by setting f2{i,j) = A(i,j) — m for all G A//i. Every 
standard tableau f2 of shape X/jj, is obtained from a certain A in this way. 

Put n = I — m. Denote by hn the embedding of the symmetric group 
Sn into Si as a subgroup preserving the subset {m + 1 , . . . , Z} ; we extend 
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the nia,p LfYi to ^Sfi by lin6cirity. ]36not6 by Sxnn 

the subgroup Sm X Lm{Sn) 

in Si- Introduce the hnear map 

,^:CS,^CS„:s^\ll^^; (2.12) 

By definition, the element G CS"; is divisible on the left and on the right 
by er € 'CSm- Hence there exists an element eo G CS^ such that 

^m(eyi) = er • im(efi)- (2.13) 

The element eo G C/S^ does not depend on the choice of standard tableau 
T of the shape ^, because the boxes with the numbers 1 , . . . ,ni have in A 
and T the same contents; see (2.7). The generalization of Proposition 2.2 
from yl to i7 is based on the following simple observation. 

Lemma. The image under the map 9^ of the product (2.11) equals 

n fij{ci + ti,Cj +tj) ■ Yl fij{(H + ti,Cj + tj). (2.14) 

Proof. The pairs in the product (2.11) are ordered lexicographically: 

(1,2), (1,0 , (2,3), (2,0, (Z - 1,0 . (2.15) 

Now expand the product (2.11) as a sum of the products of transpositions 
(hji) ■ • • [idjd] = s with coefficients from the field C{ti , . . . ,ti); the sum 
is taken over subsequences (ii,ii), • • • , {id,jd) in the sequence (2.15). Let 
{%i3b) be the first pair in the subsequence such that ib ^ m < jb, we 
suppose the pair exists. Let {ic,jc) be the last pair in the subsequence such 
that ic = ib- Note that jc ^ jb > rn, while for any pair {ia,ja) with a < b 
we have ia < ja ^ m. Hence s{ib) = jc > rn for ib ^ m, and 0„i{s) = 0. □ 

Now consider the ordered product on the right-hand side of (2.14), 

n fi3i(H + ti,Cj + tj). (2.16) 

Corollary. Restriction of (2.16) to Ta is regular at t^+i = ■ ■ ■ = ti. The 

value of this restriction at t^+i = ■ ■ ■ = ti coincides with Lm{^n) £ 'C-Si. 

Proof. Consider the restriction of the rational function (2.14) to Ta- By 
Proposition 2.2 and Lemma 2.3, this restriction is regular at ti = . . . = ; 
the value of this restriction at = . . . = is 6m{&A)- By Proposition 2.2 
applied to the tableau T instead of to A, the value at = . . . = of the 
restriction of the product over 1 < z < j < m in (2.14) is er- Therefore the 
value at tm+i = . . . = ti of restriction to Ta of the product (2.16) is the 
element Lmi^f}), determined by the relation (2.13). □ 
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The proof of Proposition 2.2 from [N2, Section 2] implies the fohowing. 

Proposition. The element ca is divisible on the left and right by Lmieo). 

2.4. For any two standard tableaux A and A' of the same shape A, consider 
the matrix element of the representation U\ corresponding to the pair of 
vectors ua and ua' of the Young basis, 



li A = A' , then we have the equality eAA' = ^a by the definition (2.1). Now 
take any m G {0, . . . , Z — 1}. Put n = Z — m as in Subsection 2.3. Consider 
the element Om{i^AA') S Smn-, see the definition (2.12). Let T and T' be 
the standard tableaux obtained by removing the boxes with the numbers 
m + 1 , . . . , i from the tableaux A and A' , respectively. 

Lemma. We have 9m{eAA') = unless T and T' are of the same shape. 

Proof. By definition, the element caa' G C5; is divisible by er G CSm on 
the left, and by er' G CSm on the right. The image 0„i{eAA') € 'C-Smn 
inherits these two divisibility properties. If the tableaux T and T' are not 
of the same shape, the irreducible representations Ur and Ur' of Sm are 
not equivalent, and er s er' = for any s G Sm ■ □ 

Consider the permutational action of the symmetric group Sn on the 

tensor product (C^)®". We denote by Eq the linear operator on (C^)®" 
corresponding of the element en G 05^. In the notation of Subsection 1.2, 
we have c^^i^fi) = c^+k 

for A; = 1 , . . . , n . Moreover, when {ti, . . . ,ti) E Ta 
we can put tk{Q) = tm+fc for k = 1, . . . ,n. Then wc obtain Theorem 1.2 
as a reformulation of Corollary 2.3, see the definition (2.8). 

Consider the image Vq of the operator Eq . Recall that the standard 

tableau 17 is of shape X/n- Take any non-negative integer M such that 
A{ ^ N-\-AI and fi[ ^ M. Consider the vector space V\{iJ,) defined by (1.1). 

Proposition. // Vx{fi) + {0}, then Vq ^ {0}. 

Proof. Take the operator Ea on the vector space (C^+A'/^® corresponding 
to the element ca G C5; . Realize the irreducible representation V\ of the 
group GLn+m from (1.1) as the image Va of Ea . Split (C^+^)® ' into the 
direct sum of subspaces, obtained from the subspaccs (C^)®^^ (C^)®('~'^) 
by some permutations of the I tensor factors; here k = 0, . . . ,1. Each of 
these subspaces is preserved by the action of the subgroup GLm C GL n+m ■ 
The vector space Va is the sum of the images of all these subspaces with 
respect to Ea, but only the images with k = m may contribute to 




Vx{fx) = HouiGLM,VA). 
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Further, consider the projections of Va onto the direct summands of 
(C^+M^^i obtained from the subspaces (C^)®'= (g) {C^)»ii-k) by some 
permutations of the / tensor factors. Again, irreducible representations of 
GLm equivalent to may occur only in the projections with k = m. Let 
us denote by the projector onto the direct summand 

(C^)®"^ (g) (C^)®" c (C^+^)®' . (2.17) 

Let Pg be the operator on (C^"*"^)® ' corresponding to permutation s e Si. 

Now suppose that Va(/x) / {0}. By the above argument, then there 
exist permutations s' and s" in Si such that 

liomGLAVf^,ImPs'EAPs"-{C^r^^{C''m^{0}- (2-18) 

The product Pg' Ea Pg" in (2.18) can be written as a linear combination of 
the operators Ea'A" on (C^+A^)® corresponding to the matrix elements 
&A'A" £ 'CSi . In this linear combination the coefficients are taken from C , 
while A' and A" range over all standard tableaux of shape A. By (2.18), 
there exists at least one pair of tableaux A' and A" such that 

HomGL^(V^,/^S^,^.- (C^)®-®(C^)®")7^{0}. (2.19) 

Restriction of the operator ImEA'A" to the subspace (2.17) coincides 

with the restriction of the operator on (C^+A^)® corresponding to the 
element 9m{&A'A") G 'C-Smn - Consider the tableaux T' and T", obtained by 
removing the boxes with the numbers m + 1, . . . ,1 from the tableaux A' 
and A" , respectively. Due to Lemma 2.4, the inequality (2.19) implies that 
T' and T" are of the same shape. But then ca'A" = &A' e for some invertible 
element e G CSmm see (2.6). Then 

Ea'A" ■ (C^O®™ (cAf)®n ^ . ^f^M^^m ^ ((^iV^^n _ 

By applying the relation (2.13) to the tableau A' instead of A, the inequality 
(2.19) now implies that the tableau T' is of shape fi. Moreover, the left- 
hand side of (2.19) then equals Vqi for some standard tableau i?' of skew 
shape X/fi. By (2.7), the inequality Vfj' 7^ {0} implies that Vq ^ {0}. □ 

The space Vx{p,) comes with an action of the subgroup GL^v C GLj^. 
The subspace Va C (C^)®" is preserved by the action of the group GLj^ . 
Let us now consider V\[fi) and Vq as representations of the group GLjy. 
In Subsection 4.6 we will prove that these representations are equivalent, 
as stated in Proposition 1.1. Note that the operator Eq on (C^)®** does 
not depend on M. It is well known that the dimension of the vector space 
V\{fi) is the same for all integers M such that X[ ^ N + M and /i( ^ M; 
see for instance [M, Section 1.5]. 
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2.5. In this subsection, wc collect a few results which we need for the proof 
of Theorem 1.6. Let us keep fixed a standard tableau A of non-skew shape 
A. Here A is a partition of I. For every k = 1, . . . ,1 we denote Ck = Ck{A) . 
Consider the rational functions (2.8) with pairwise distinct indices i,j G 
{1, ...,/ + 1}; these functions take values in the group ring CiSj+i. Take 
the element ca G CSi defined by (2.1). Consider the image of ba under the 
embedding ti : CSi — CS'^+i, see the beginning of Subsection 2.3. For the 
proof of the following proposition, see [N2, Section 2]. 

Proposition. We have equality of rational functions in x, valued in CSi+i 

/i2(x,ci) ... fi,i+i{x,ci) •ii(e^) = ( 1 - XI ^^-^-^ ) •ti(e^). 

^ k=i ^ ^ 

Now for each m = , . . . ,1 — 1 define a linear map 7m : CiS^+i — >■ CSi^i 
as follows. By definition, for any group element s G Si^i 

_ (s if ,s(l)/2,...,m + l; 
^""^^^ ~ \0 otherwise. ^'^■'^^> 

Lemma. For any Zi , . . . , zi E C we have equality of rational fuctions in x 

lm{fl,l+l{x,Zl) . . . fl2{x,Zi)) = fl,l+l{x,Zi) . . . fl,m+2{x,Zm+l) ■ 

Proof. Let us expand the product fi^i+i{x,zi) ... fi2{x,zi) as a sum of the 
products of transpositions (lia) • • • (l^i) with coefficients from C(x); here 
the sum is taken over all subsequences ii , . . . , ia in the sequence 2 , . . . ,1+1. 
By the definition (2.20) we have 7m(l) = 1, while for a ^ 1 

. X /-..NX /(lia)...(lii) if ii >m + l; 
7m((Ua)...(ln)) = |o otherwise. □ 

We will need a reformulation of this lemma. For each m = , . . . ,1 — 1 
define a linear map 7^ : C^^+i — CS^+i as follows: for s G Sj+i , 

- \0 otherwise. ^^"^^^ 

Corollary. For zi , . . . , zi £ C we have equality of rational fuctions in x 

lL{fl2ix,Zi) ... fi^i+i{x,Zi)) = fi^rn+2{x,Zm+l) ■ ■ ■ fl,l+l{x , Zi) . 

This result is derived from Lemma 2.5 by using the anti-automorphism 
of the group ring C^z+i, such that s 1— > s~^ for every group element s. 
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3. Traceless tensors 

3.1. For any positive integer L choose a non-degenerate bilinear form ( , ) 
on the vector space C''^, symmetric or alternating. In the latter case L has 
to be even. For any positive integer / consider the commutant of the image 
of the classical group Gl = Ol or Gl = SpL in the operator algebra 
End((C^)'^'). This commutant is called the Brauer centralizer algebra, see 
[W, Section V.2]. We will denote this algebra by Ci(L). 

Consider the linear operator Q{L) on C^®C^, see (1.8). This operator 
commutes with the action of the group Gl in (8) C^. For any distinct 
indices i, j G {1 , . . . , Z} let Qij be the operator on (C^)*^' acting as Q{L) in 
the ith and jth tensor factors, and acting as the identity in the remaining 
I — 2 tensor factors. Note that Qij = Qji . Here we also have 

Qij = L ■ Qij for any distinct i, j G {1 ,...,/} . (3.1) 

Consider the image of the symmetric group ring CSi in End((C^)'^'). The 
algebra Ci{L) is generated by this image and all the operators Qij on 
(C^)®' with i < j. Let Pij be the operator on (C^)®' corresponding to 
transposition (ij) € Si. We have the equalities 

Qij {1^ Pij) =0 for any distinct (3.2) 

According to our general convention, the upper sign in =F corresponds to 

the case Gl = Ol , while the lower sign corresponds to the case Gl = SpL ■ 

For any two distinct indices i,j G {1,...,/} consider the rational 

function of x , y G C p 

Rijix,y) = l ^ (3.3) 

x-y 

which takes values in End((C^)®'); this is the Yang rational R-matrix. 
The function (3.3) corresponds to (2.8) under the action of the symmetric 
group Si on (C^)®'. Due to (2.9) we have the relation 

Rij{x,y) Rik{x,z) Rjk{y,z) = Rjk{y,z) Rik{x,z) Rij{x,y) (3.4) 

for any pairwise distinct indices i,j ,k; it is called the Yang-Baxter relation. 
Note that ^ 

Rij{x,y)Rji{y,x) = l- j——^. (3.5) 

The operator Q{L) on ® can be obtained from the permutation 
operator on (g) by conjugation in any one of the two tensor factors 
relative to the bilinear form ( , ) . For any i ^ j introduce the functions 

^^^■(^'y) = l + ^ ^,,.(x,y) = l--^L; (3.6) 
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then we have _ _ 

Rij {x , y) Rij {x,y) = l. (3.7) 

As Qij — Qji 1 we also have the relations 

Rij{x,y) = Rji{y,x) and Rij{x,y) = Rji{y,x) . (3.8) 

By applying to the relation (3.4) the conjugation relative to the form ( , ) 
in the ith tensor factor, and by changing x to —x, we get the relation 

Rik{x,z)Rij{x,y)Rjk{y,z) = Rjk{y,z)Rij{x,y)Rik{x,z) . (3.9) 
By using (3.7), we obtain from (3.9) the relation 

Rij{x,y)Rik{x,z)Rjk{y,z) = Rjk{y,z)Rik{x,z)Rij{x,y). (3.10) 

Using (3.7) and (3.8), we also obtain from (3.9) the relation 

Rij{x,y)Rik{x,z)Rjk{y,z) = Rjk{y,z) Rik{x,z) Rij{x,y) . (3.11) 

The relations (3. 4), (3. 5) and (3.7) to (3.11) are equalities of functions that 
take their values in the Brauer centralizer algebra C;(L). 

3.2. The irreducible modules over the algebra C;(L), or cquivalently, the 
irreducible representations of the group Gl appearing in the tensor product 
(C^) ® ' , are labeled by the partitions of 1,1 — 2, ... satisfying the conditions 
from [W] for Gl as described in Subsection 1.3. In the present article, we 
consider only the irreducible C/(-L)-modules which are labeled by partitions 
of I. The corresponding irreducible representations of the group Gl appear 
in the subspace 

{C^)f C (C^)®^ (3.12) 

of tracclcss tensors. The images of the groups Si and Gl in End((C'^)®') 
span the commutants of each other, sec [W, Sections V.7 and VI. 3] again. 

By definition, all the operators Qij on (C^)®' vanish on the subspace 
(3.12). Denote by li{L) the two-sided ideal in C/(L) generated by all the 
operators Qij. The quotient algebra Ci(L)/ li(L) can be identified with 
the image of the group ring CSi in the operator algebra End((C^)'Q') . The 
image of the element Pij G C;(L) in the quotient algebra is then identified 
with the operator on the subspace (3.12) corresponding to (ij) G Si. 

Take any partition A of I satisfying the above mentioned conditions. 
The irreducible representation Wx C (C^)®' of the group Gl corresponds 
to the irreducible representation Ux of the group Si . We will regard Ux as 
a C;(L)-module using the canonical homomorphism 



Ci{L) Ci{L)/li{L). 



(3.13) 
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Then Ux is the irreducible C/(L)-module corresponding to tlie partition A. 

Fix any standard tableau A of shape A. As in Section 2, let = Ck{A) 
be the content of the box occupied by k in A. Consider the product 

JJ Rij{ci+ti,Cj +tj) ■ JJ Rij{ci+ti,Cj +tj) (3.14) 

as a rational function of the complex variables ti, . . . ,ti which takes values 
in the algebra C;(L). Here the pairs (i,j) with 1 ^ i < j ^ I are ordered 
lexicographically, as usual. Denote by Ta the set of tuples {ti, . . . ,ti) such 
that ti = tj whenever the numbers i and j appear in A the same column 
for Gl = Ol , or in the same row for Gl = SpL- Denote by Ea the linear 
operator on (C^)®' corresponding to the element eyi G CSi, see (2.1). 

Proposition. Restriction to Ta of the rational function (3.14) is regular at 
ti = . . . = ti = The value Fa of this restriction at ti = . . . = ti = 
is divisible on the left and on the right by the operator Ea on (C^)®'. 

Proof. Denote by oj the involutive anti-automorphism of the algebra C;(L), 
such that all the elements Pij and Qij are a; -invariant. The clement Ea of 
C;(L) corresponds to (2.1). Therefore Ea is also w-invariant. Applying lj 
to the product (3.14) just reverses the ordering of the factors. The initial 
ordering can then be restored by using the relations (3.4) and (3.10). So 
any value of the function (3.14) is w-invariant. Thanks to this observation, 
it suffices to prove the divisibility of Fa by Ea only on the right. 

Take I complex variables xi, . . . ,xi. Choose any /c G {1 1} 
and write x[, . . . ,x[ for the sequence of variables obtained by exchanging 
the terms and Xj^+i in the sequence X\, . . . ,Xi. Using (3.4), we obtain 

Pk,k+lRk+l,k{Xk+l,Xk) ■ Yl Rij{Xi,Xj) 

= Yi Rijix'i,Xj) ■ Rk,k+iixk,Xk+i)Pk,k+i- (3.15) 
Using (3.10) along with the second relation in (3.8), we obtain the equality 

Pk,k+lRk+l,k{Xk+l,Xk) ■ Y\. Rij{Xi,Xj) 

= n Pij{x'i,Xj) ■ Rk+i,k{xk+i,Xk)Pk,k+i- (3.16) 

l^i<j^l 
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Now suppose that the index l}is chosen so that the 

tableau SkA is standard. Then | Cfc — Ck+i\ > 1. Set Xi = Ci + ti for each 
i = 1, . . . , / in the two equahties (3.15) and (3.16). Then these two equahties 
show that when multiplying (3.14) on the left by 

Pk,k+lRk+l,k{ck+l + tk+l,Ck +tk) , (3-17) 
and dividing on the right by 

Rk,k+i {ck + tk , Cfc+1 + tk+i) Pk,k+i , (3.18) 

we get the analogue of (3.14) for the standard tableau s^A instead of yl. As 
I Cfc — Cfc_|_i| > 1, the functions (3.17) are regular at = tfc+i. Moreover, the 
values of the functions (3.17) at tk = t^+i are invertible. By (2.7) and (3.5), 

Pk,k+l Rk+l,k (Cfe+l q= ^ , Cfc =F ^ ) -E/i 

= Es^.A Rk,k+1 (cfc =F I , Cfc+i ^ ^ ) Pk,k+l ■ 

Hence it suffices to prove Proposition 3.2 for the tableau Sfcyl instead of A. 

First consider the case Gl = Ol- Here we select the upper sign in ^ . 
There is a sequence of transpositions Sfcj , . . . ,Sk^ such that Sk^ ■ ■ ■ Sk^A = 
A^ and the tableaux Sfe„ . . . Sfe^yl^ are standard for all a = 1 , . . . , 6 ; see 
Subsection 2.1. Therefore it suffices to prove Proposition 3.2 only for A = 
A'^. Then the set T^c consists of all tuples {ti, ... ,ti) such that ti = tj 
whenever i and j appear in the same column of A'^ . 

Suppose that the numbers k and k + 1 appear in the same column 
of A'^. Using the relations (3.4) we can demonstrate that in (3.14), the 
second ordered product over l^i<j^lis divisible on the left by the 
function Rk,k+i{tk + Ck,tk+i + Cfc+i). Restriction of this function to T^c 
equals 1 — -Pfc,fc+i. Now reorder the pairs (i,j) in the first ordered product 
over 1 ^ z < j ^ / in (3.14) as follows. For every a = 1, ...,Ai first 
come all the pairs (i,j) where both i and j occur in the ath column of the 
tableau A'^. These pairs are ordered between themselves lexicographically. 
After them come all the pairs where i occurs in the ath column, while 
j occurs in the bih column, for all b > a. These pairs are again ordered 
lexicographically. After these come the pairs where i occurs in the 

6th column, for some b > a. This reordering involves only transpositions of 
commuting factors, so the value of the product (3.14) will not change. 

Now take any a £ {1, ... , Ai} . Let c,c+l, . . . ,d he the consecutive 
numbers appearing in the ath column of A'^. In the restriction to T^c of the 
reordered product (3.14), the product of all the factors succeeding 

Yl Rij{ci + ti,Cj+tj), (3.19) 

c^i<j^d 
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is divisible on the left by 1 — -Pfc.fe+i whenever c ^ k < d. This follows from 
the relations (3.10). Moreover, then the product of the succeeding factors 
is divisible on the left by 1 — Pij for c ^ i < j ^ d. Using the relations 
(3.2) with the upper sign in =p , we now eliminate all the products (3.19) 
from the restriction of (3.14) to T^c, consecutively for a = 1 , . . . , Ai. The 
restriction to T^c of the product of the remaining factors in (3.14) is regular 
ed, ti = . . . = ti = . Thus wc get the first statement of Proposition 3.2. 
Moreover, we get the explicit formula 

= n (i - TM^frikTT^) ' '°' °' = °' 

where the ordered product is taken over all pairs (i,j) such that i and j 
appear in different columns of A'^. For any such pair we have 

CiiA") + CjiA") ^ 3 - a; - ^ 3 - L , 

so that each of the denominators in (3.20) is non-zero. The operator Ea<^ on 
(C^) ® ' corresponds to the element eyic G <CSi , and we used Proposition 2.2. 
The operator Fy\c given by (3.20) is evidently divisible by Ey\c on the right. 

The proof of Proposition 3.2 in the case Gl = SpL is much simpler. As 
we observed in Subsection 1.4, in this case every factor Rij{ci + ti,Cj + tj) 
in the product (3.14) is regular at = . . . = = ^ , for any choice of the 
tableau A. Using Proposition 2.2, we get from (3.14) the explicit formula 

Fa= n (l- ^ ^ -, V for Gl = Spl. (3.21) 

Thus Fa is divisible by Ea on the right. Thanks to the observation made 
in the beginning of the proof. Fa is also divisible by Ea on the left. □ 

Observe that in the case Gl = Ol, for any tableau A and any two 
distinct numbers i,j G {1 , ...,/} we have Q + Cj ^ 3 — L unless both i and 

j appear in the first column of A. Therefore the factor R^j [ci + ti, Cj + tj ) 
in the product (3.14) may have a pole at ti = ... = ti = — ^ , only if both i 
and j appear in the first column of A. However, this observation does not 
facilitate significantly the proof of Proposition 3.2. Our proof also has a 

Corollary. // the tableau SkA is standard for some k E {1, . . . ,1 — 1}, then 



Pk,k+lRk+l,k{ck+i,Ck) Fa — Fs^ARk,k+l{ck^Ck+l) Pk,k+1 
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In the case Gl = Ol, our proof of Proposition 3.2 also provides the 
formula (3.20) for the operator F^c. In the case Gl = SpL, there is a 
simplified formula for the operator FAr, similar to (3.20). We have 

= n (i - ,,^A')^c%)+L^i ) ■ = p-^^) 

where the ordered product is taken over all pairs (i,i) such that i and j 
appear in different rows of . The proof of the formula (3.22) is similar 
to that of (3.20). Here we work with the rows of the tableau . But here 
from the very beginning of the proof we can set ti = . . . = f| = ^ in the 
first product over 1 ^ i < j m (3.14) where A = , at the same time 
replacing the second product in (3.14) by EAr. If A; and k + 1 appear in the 
same row of A^, due to (2.5) the operator EAr is divisible on the left by 

1 + -Pfc.fe+l = Rk,k+l{ck + 5 ) Ck+l + l) • 

We omit other details of the proof of the formula (3.22). 

3.3. For any standard tableau A, denote by Va and Wa the images in the 
space (C^)*^' of the operators Ea and Fa, respectively. We have Wa C Va 
by the second statement of Proposition 3.2. Consider the subspace (3.12) of 
the traceless tensors. The next proposition is pivotal for the present article. 

Proposition. We have the equality of vector spaces Wa = VaD (C^)^'' . 

Proof. For any distinct indices i,j G {1, ■ ■ ■ ,1} the operator Pij preserves 
the subspace (3.12) while the operator Qij vanishes on this subspace. So 
the action of (3.14) on this subspace coincides with the action of the second 
product over 1 ^ i < j ^ / in (3.14). Hence by the definition of the operator 
Fa we get the equality Fa-w = Ea-w for any vector w G (C^) . Therefore 

Waz^ EA-{c'^)t' = VAn{c'^)f. 

We already noted that Wa C Va ■ It remains to prove that Wa C (C^) f'- 
Equivalently, we have to prove that Qij Fa = for any distinct i and j . 

Firstly let us prove the equality Qu Fa = for every A. Consider the 
case Gl = Ol- In every standard tableau A, the number 1 always occupies 
the upper left corner. The number 2 appears in A either next to the right 
of 1, or next down from 1. In the latter case, the operator Ea is divisible 
on the left by 1 — P12 ■ By Proposition 3.2, the operator Fa is then also 
divisible on the left by 1 - Pu ■ But ^12(1 - P12) = for Gl = Ol by (3.2). 

Suppose that 2 appears in A next to the right of 1. Then for any j 7^ 1 

ci + ^ 1 - A'l ^ 1 + A2 - L ^ 2 - L . 
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So none of the factors Rij{ci +ti,Cj +tj) in the product (3.14) has a pole 
aX ti = . . . = ti = — ^ . Some of the factors Rij{ci + U , Cj + tj ) with i ^ 1 
may have poles at ti = . . . = ti = — . Then consider the standard tableau 
of shape A, which is obtained by placing the numbers 1 and 2 in the first 
row as in A, and by filling the remaining boxes of the Young diagram A by 
columns. Let us denote this new tableau by A°. Arguing as in the proof of 
Proposition 3.2, we show that the equality QuFa = is sufficient to prove 
for A = A°. This argument involves multiplying the product (3.14) on the 
left by (3.17) and dividing on the right by (3.18), for some G {3, . . . , i — 1} 
such that the tableau SkA is standard. Further, arguing as in the proof of 
Proposition 3.2, we show that Fa" is divisible on the left by 

-Ri2(ci - \ ,C2-\) = I- Qii/ L . 

The equality Q\2 Fao = now follows from (3.1). 

In the case Gl = SpL, the proof of the equality Q^Fa = for any 
standard tableau A is much simpler. In this case for any A, every factor 
Rij{(H + ti, Cj + tj ) in the product (3.14) is regular at = . . . = = | . If 
the numbers 1 and 2 appear in the first row of A, then the operator Fa is 
divisible on the left by 1 + P12 ■ The operator Fa is then also divisible on 
the left by 1 + P12 . But for Gl = SpL we have Qi2(l + P12) = 0. If 1 and 
2 appear in the first column of A, then the operator Fa is divisible on the 
left by - , . 1 , 

Rl2{ci + l,C2 + l) = 1-Ql2/L. 

The equality Q12 Fa = now follows from (3.1). 

Let us now prove the equality Qij Fa = for any pair of distinct 
indices i and j. If for some k G {1, . . . ,1 — 1} the tableau SkA is standard, 
then by Corollary 3.2 

Fa 

Pk,k+lFA = h Fsf,ARk,k+l{ck,Ck+l) Pk,k+1 ■ 

Cfe+1 — Cfe 

If the tableau s^A is not standard, then P^^k+iFA equals Fa or ~Fa this 
equality follows from the second statement of Proposition 3.2 by (2.5). 

For any permutation s e Si, let Pg be the corresponding operator on 
the space (C^)®^ For some elements Ra'{s) G Ci{L) that may also depend 
on yl, we have 

PsFa = Y^ Fa'Ra'{s), 

A' 

where A' ranges over all standard tableaux of shape A . Let us now choose 
the permutation s so that s{i) = 1 and s(j) = 2. Then we get 

Qij Fa = Ps'^Qu PsFa=J2 Ps~^ '3i2 Fa' Ra' (s) = 0. □ 

A' 
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By definition, the associative algebra C;(-L) is semisimple. Denote by 
C\{L) the simple ideal of C;(L) corresponding to the irreducible Ci{L)- 
module U\. Proposition 3.3 gives the following characterization of the Fa- 

Corollary. The operator Fa G Ci{L) is the unique element of the simple 
ideal Cx{L), with the image under (3.13) corresponding to ca G CSi. 

Proof. By definition, we have Fa & Fa + ii{L) ', see Proposition 2.2. Hence 
the image of Fa under the homomorphism (3.13) corresponds to the element 
CA G CSi- By Proposition 3.3, we also have Fa G Cx{L), see the beginning 
of Subsection 3.2. But any element of the ideal Ca(-^^) C C;(L) is uniquely 
determined by the image of this element under (3.13). □ 

Note that due to (2.2), the above characterization of the operator Fa 
implies the equality 

F^ = Fa -11/ dim Ux. (3.23) 

3.4. We will now extend the results of Subsection 3.2 to standard tableaux 
of skew shapes. Take any m G {0, . . . , Z — 1} . As in Subsection 2.3, denote 
by T the standard tableau obtained from A by removing the boxes with 
the numbers m + 1 , ...,l. Let be the shape of the tableau T. Define a 
standard tableau f2 of the skew shape A//i by setting Q{i,j) = A{i,j) — m 
for all (i,j) G A///. Put n = I — m, the number of elements in the set X/f^. 

Take any Me {0 , . . . , L - 1} and put iV = L - M. Then choose the 
decomposition C'^ = ® so that the subspaces and in C'^ arc 
orthogonal relative to the form ( , ) on C^. In the case Gi = Spi both N 
and M have to be even. If M > 0, the restriction of the form ( , ) from 
to is non-degenerate. Consider the corresponding subspace of traceless 
tensors 

(C*^)f" C (C*^)®™. (3.24) 

We will assume that the irreducible representation of the group Gm 
appears in the subspace (3.24), so that the partition fi of m satisfies the 
conditions from [W] for Gm as described in Subsection 1.3. In particular, 
if M = 1 , then Gm = Oi and we have to take m G {0, 1}. 

Recall that in Subsection 2.4, we denoted by Im the projector to the 
direct summand (2.17). Now, there is a unique Gm -invariant projector 

Hm : (C^)®"» ^ (C^)®™. 

Let us denote by Jm the composition of the operators 1^ and 1 . This 

composition is a projector to the subspace 

(C^)®"*® (C^)®" C (C-^)®'. (3.25) 
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Regard Jm as an operator on the vector space (C^)®'. Then, for any linear 
operator A on (C^)®', define an operator on the same space, 

4^—7^ AT 

We may also regard as an operator on the subspace (3.25). The projector 
Jm commutes with the action of subgroup Gn x Gm C Gl on (C^)®'. So 
for AeCi{L), ^ (C^(M)/ I^(M)) ® C„(iV) . 

Here the quotient algebra Cra{M)/lm{M) is identified with the image of 
the symmetric group ring in End((C^) q"*) . We get a linear map 

em : Gi{L) ^ {Cm{M)/lm{M)) ® Cn{N) : ^ ^ . (3.26) 

As the map &m is linear, for any distinct i , j G {1 , . . . , Z} we have 



^{x,y) = l-^ and i^M(x,y) = l- ^^^^ 



If i ^ m < j or i > m ^ j, then we have = and = 0. If z,j ^ m 
then Q^V = also, while the operator P^ - on (3.25) acts in the tensor factor 

(C^)*^"* as the permutation corresponding to {ij) € 5m , and it also acts 
as the identity in (C^)®". If i,j > m then each of the operators P^ and 
acts as the identity on (C^)®™. Then the action of P^ on (C^)®" 
corresponds to the transposition {i—m,j—m) G Sn- Then Q^^ acts as Q(N) 
in the {i — m)-th and (j — m)-th tensor factors of (C^)®", and acts as the 
identity in the remaining n — 2 tensor factors of (C^)®". Our extension of 
the results of Subsection 3.2 to standard tableaux of skew shapes is based 
on the next observation, see Lemma 2.3. 

Proposition. The image of the product (3.14) under the map 0m equals 

II Ry{ci + ti,Cj + tj) (3.27) 

l^i<j^m 

X Yl Rij{ci + ti,Cj+tj) ■ H Ry{ci + ti,Cj + tj). (3.28) 

m<i<j^l m<i<j^l 

Proof. When multiplying the product (3.14) on the left by the operator 
Jm , the factors R ij ( q + tj , Cj + tj ) with i < j ^ m and i ^ m < j cancel. 
Indeed, since (C^)^"" C (C^)f;™, we have Jm Qij = for i < j ^ m. Since 
the subspaces C*^ and are orthogonal with respect to the form ( , ) on 
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C^, we also have Jm Qij = for i ^ m < j. Thus by multiplying (3.14) by 
Jm on the left and right, we obtain the product 

) • n R^JiCi + ti,CJ+t,) ■ Jm. (3.29) 

Expand the product of all factors Rij{ci + ti,Cj + tj) in (3.29) as a 
sum of the operators Pg on (C^)*^' corresponding to permutations s ^ Si, 
with the coefficients from C(ti , . . . ,ti) . The operators Rij{ci + tj , Cj + tj ) 
with m < i < j commute with the operator on (C^)®', which acts as 
the projector to the subspace C along in each of the first 
m tensor factors, and which acts trivially in the last n tensor factors of 
(C^)®^ Hence the summand in (3.29) corresponding to Pg vanishes, unless 
the permutation s e Si preserves the subset {1, ... ,m} C {1, ...,/}. By 
Lemma 2.3, the product (3.29) then equals 

J m ' Rijici -\- tj ,Cj ~\~ tj) 

m<i<j 



X R-iji^Ci -\- ti , Cj ~\~ tj) ' Riji^Oi -j- t j , Cj -\- tj) J, 

i^i<j^m m<i<j^l 



m 



— Jm ' -\-tijCj ~\~ tj) • J^, (3.30) 

m<i<j^l 

X R'^ij{ci + ti,Cj+tj) ■ R'^j{ci + ti,Cj+tj). 

l^i<j^m m<i<j^l 

Now expand the expression displayed in the line (3.30), as a sum over 
all subsequences 

ihji), ■■■,{id,jd) (3.31) 

in the sequence of lexicographically ordered pairs {i,j) with m, < i < j ^ I. 
The summand of (3.30) corresponding to the subsequence (3.31) is equal, 
up to a coefficient from C(ti , . . . , t/) , to the product Jm Qhji ■ ■ ■ Qi^jd ^rn ■ 
We will prove that for some permutation s of the set {ii , j'l} U . . . U {irf , jrf} , 
and for some pairwise distinct elements , Ji , . . . ,Zc, Jc of this set, we have 

Qiiji ■ ■ ■ Qidjd ~ -^s Qnn ■ ■ ■ Qicjc ■ (3.32) 

Since 

Jm Ps Qnn ■ ■ ■ Qicjc Jm = Ps Qiiji ■ ■ ■ QicJc ' 
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we will then also have the equality 

Jm Qiiji ■ ■ ■ Qicjc Jm = Q iiji ■ ■ ■ Qicjc ' 

The last equality shows that the expression (3.30) equals the first product 
over m <i < j ^lin (3.28). Hence Proposition 3.4 will follow from (3.32). 

Since Qij = Qji for any i ^ j, we can assume that ti < ji, . . . ,ic < Jc 
in (3.32). We will prove the equality (3.32) under this assumption. We will 
also show that the indices ... ,ic,3c in (3.32) can be so chosen that 

c^d, and (ibjb) 4 {id, 3d) for ah 6=1, . . . , c . (3.33) 

Here -< indicates the lexicographical ordering. The operators Qi^% in (3.32) 
pairwise commute, so their ordering is irrelevant. We proceed by induction 
on d = 0,1,2, ... . If (i = 0, there is nothing to prove. Now suppose that 
for some subsequence (3.31), the equality (3.32) is true along with (3.33). 

Suppose that i < j and {id,jd) ^ ihj) ■ By the induction assumption, 
we have 

Q iiji ■ ■ ■ Qidjd Qij ~ Qiiji ■ ■ ■ Qicjc Qij ■ 

This equality makes the induction step, unless i or j coincides with one of 
the indices . . . ,ic,3c- Suppose there is such a coincidence. Let b be 

the maximal number such that {ib,Jb} H {i,j} ^ . Here % ^ j because 
i^bijb) -< (^)j)- Then there are three possibilities: 

i = %<3h<3\ %<3b = i < j; %<i<j=3b- (3.34) 
Consider, for instance, the first of the possibilities (3.34). Here we have 

Qibjb Qij ~ Q%3b Q%j ~ J^jbj Q%j ■ 

For each a = 1 , . . . , c we have la / j . By our choice of 6 , we have ja / j for 
a = b, . . . , c. If Ja 7^ j also for a = 1 , . . . , 6 — 1, then we have the equality 

Ps Qnji ■ ■ ■ Qicjc Qij — Ps Pjbj Qiiji ■ ■ ■ Qtb-ijb-iQh+ijb+i ■ ■ ■ Qicjc Qtbj ' 

which makes the induction step. If ja = j for some number a < b, then the 
number a is unique, and we have the equalities 

-Ps QnJl • • • Qtcjc Qij — Ps Qt-ljl ■ ■ ■ Qta-lja-lPjbjaQtb+ljb+l ' ' ' Qicjc Q HJa — 
PsPjbJaQtljl ■ ■ ■ Qta-lja-lQtajbQia + lja+1 ■ ■ ■ Q h-lJb-lQ h+ljb+1 ' ' ' Q ^cjcQ tbja ■ 

Thus we again make the induction step, because {ia,3a) -< ihj) = {%,3a) 
implies ta <%, so that here we have la < % and (ta,3b) -< (jb,3a)- 

The second and the third possibilities in (3.34) are treated similarly. 
We omit the details of this treatment. □ 
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Consider the product (3.28) as a rational function of the variables 
ti, . . . ,ti. This function may actually depend only on tm+i , ■ ■ ■ ,ti. The 
values of this function are linear operators on the subspace (3.25), which 
act as the identity in the tensor factor (C^)*^"^ of (3.25). Regard Eq as 
the operator acting on the tensor factor (C'^)'^"' of (3.25). 

Corollary. Restriction of (3.28) to T^a is regular at tm+i = ■ ■ ■ = ti = 
The value of this restriction at t^+i = . . . = = =F 5 is divisible on the left 
and right by the operator id ® Eq . 

Proof. Consider the restriction of the rational function (3.28) to T4. Due to 
Propositions 3.2 and 3.4, this restriction is regular at ti = . . . = t; ; the value 
of this restriction at ti = . . . = is 0m(^yl) • By Proposition 2.2 applied to 
the tableau T instead of to A, the value &i ti = . . . = tm oi the restriction 
of the function (3.27) to Ta equals the operator {Er \ {C^) ) (g) id ; here 
the first tensor factor is the restriction of the operator Ey in (C^)'^"! to 
the subspace (3.24). Hence the restriction to Ta of the product (3.28) is 
regular at tjn+i = ■■■ = U. The second statement of Corollary 3.4 now 
follows from Proposition 2.3. □ 

In the notation of Subsection 1.2, Cfe(i7) = c^+k for each k = 1, . . . ,n. 
When (ti, . . . ,ti) & Ta, we can put tk{Q) = t^+k for k = 1, . . . ,n. Then 
we get Theorem 1.4 as a reformulation of Corollary 3.4. Moreover, the value 
at tm+i = • • • = = T ^ of the restriction of (3.28) to Ta, is id F^} (M). 

If M = 0, then /x = (0,0, . . . ) and ^2 = yl, so that Fa{M) = Fa- 
For arbitrary M and I?, our proof of Corollary 3.4 shows that the operator 
Fq{M) on (C^)®", as defined by Theorem 1.4, satisfies the relation 

em{FA) = {Er I Ffi (M) . (3.35) 

This relation, along with Proposition 3.2, can be regarded as an alternative 
definition of the operator Fq (M). Using the relation (3.35) along with the 
proof of Proposition 3.4, we also obtain the simplified formulas (1.10) and 
(1.11) from the formulas (3.20) and (3.22), respectively. 

3.5. The image of the operator Fq (M) acting on the vector space (C^)®" 
is denoted by Wq{M). If M = 0, then /i = (0,0, . . . ) and J? = yl. In this 
case Wq{0) = Wa, so that we have the equality (1.12) by Proposition 3.3. 
For arbitrary M ^ 0, we will need the following analogue of Proposition 2.4. 

Proposition. // Wx{fi) ^ {0}, then Wn{M) ^ {0}. 

Proof. Let us realize the irreducible representation Wx of the group Gn+m 
from (1.5) as the image Wa C (C^+M^^i of the operator Fa . Define the 
vectors w;(M) G (C*^)®2 andw{N+M) G (C^+A'/)®2 ^^^ jy Note that 



w{N + M) = w{N) + w{M). 



(3.36) 
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The vector space (^£,'^+^'^^1 is tlic sum of its subspaces, obtained by some 
permutations of the I tensor factors from the subspaces of the form 

(C^)f (g) {Cw{M))^'^ ® (civ-)0(z-fe-2d) . (3 37) 

here k and d are non-negative integers such that k + 2d ^ I. This sum 
may be not direct, but every summand is preserved by the action of the 
subgroup Gm C Gn+m', see [W, Section V.6]. For instance, consider the 
subspace (3.37) itself. The image of this subspace under the operator Fa 
coincides with the image of the subspace 

This coincidence follows from (3.36) and from the equalities Fa Qij = for 

= {k + l,k + 2), ...,{k + 2d-l,k + 2d); (3.39) 

here Qij are operators on (C-^+-^)®'. These operator equalities are implied 
by Proposition 3.3; see also the beginning of the proof of Proposition 3.2. 
But the subspace (3.38) is contained in (C*^)^'' ® (C^)®('-'=). Note that 

HomG^(W^,F^.(C^)f*^®(C^)^('-'=))7^{0} ^ k = m. 

Further, define a projector J^'''^ from the vector space ((C-^+^)®' to 
the subspace (3.37) as follows. Let H^''^ be the linear operator on the tensor 
product (C-^)® ('^+^<^) , acting as the (unique) Gm -invariant projector 

in the first A; tensor factors of (C^)® , and acting as the operator 
(Q(M)/M)®<^ in the last 2d tensor factors of (pM^^{k+2d) _ ^hen J^'^'^ is 
the composition of the projector Ik+2d to the direct summand 

with the operator Hjf^ (g) 1 . Note that the projector J^''^ is GM-equi variant. 

In a similar way, by using the operator {Q{N)/N)^'^ instead of the 
operator {Q{M)/M)®'^, define a projector J^'^'^ from (C^+M)®/ ^ ^^e 
subspace (3.38). In the notation of Subsection 3.4, we have 

j(0) _ j{0) _ J 

Let us apply the projector J^^"^ to the subspace Wa C (C^"*"^) ® ^ If an 
irreducible representation of Gm equivalent to occurs in the projection 
of Wa to (3.37), it also occurs in the projection of Wa to (3.38). This follows 
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from (3.36) and the equalities QijF^ = for the pairs of indices i and j 
given by (3.39). Either occurrence impHes that k = m. But again we have 

Jif ) • Fa C 4°) ■Fa = Jm-FA. 

Now suppose that Wx{iJ,) ^ {0}. By the above argument, there exist 
permutations s' and s" in Si such that 

HomG^(W^, J^P,,F^P,„. (C^)®-®(C^)®")7^{0}. (3.40) 

Let A' and A" range over the set of all standard tableaux of shape A . Denote 

by Fa'A" the unique clement of the simple ideal C\{L) C C/(L), with the 
image under (3.13) corresponding to the matrix element eA'A" £ CSi. If 
A = A' = A", then Fa = Fa'A" by Corollary 3.3. The product Fa Ps" 
in (3.40) can be written as a linear combination of the operators Fa'A" on 
(C^+^)®', with the coefficients from C. Due to (3.40), there exists at least 
one pair of tableaux A' and A" such that 

Uoma^AW^ , JrnFA'A" ■ {C^)T ^ (C^)®") / {0} . (3.41) 

According to Subsection 3.4, the restriction of the operator Fa'A" 
to the subspace (3.25) is denoted by 0m{FA'A") ■ Consider the tableaux T' 
and T", obtained by removing the boxes with the numbers m + 1, . . . ,1 
from the tableaux A' and A" , respectively. The operator 0m(Pyi'A") on the 
subspace (3.25) is divisible on the left and right, respectively by 

(^r'|(C'")t™)^id and {Er" \ {C^)^"^) id . 

These divisibility properties follow from Proposition 3.2; see the proof of 
Lemma 2.4. Now the inequality (3.41) implies that the tableaux T' and T" 
are of the same shape. But then Fa'A" = Fa' E for the operator E on the 
subspace (3.25) corresponding to some invertible element e G CSmn'-, see 
the end of the proof of Proposition 2.4. Then 

Fa'A" ■ (C^)f'" ® (C^)®" = Fa' ■ (C^^)^™ O (C^)®". 

By applying the relation (3.35) to the tableau A' instead of yl, the inequality 
(3.41) now implies that the tableau T' is of shape /i. Moreover, the left- 
hand side of (3.41) equals WQf{M) for some standard tableau Q' of skew 
shape A//i. The inequality Wq>\m) ^ {0} implies that Wn{M) ^ {0}. □ 

The space W\{^) comes with an action of the subgroup Gm C Gl. 
The subspace Wq{M) C (C^)®" is preserved by the action of the group 
Gn because Fq{M) G C„(iV). Let us consider W\{ji) and Wq{M) as 
representations of the group Gjy. In Subsection 5.6 we will prove that these 
representations are equivalent, as stated in Proposition 1.4. 
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3.6. Let Ql be the Lie algebra of Gl, so that Ql = sol or ql = sp^. We 
regard as a Lie subalgebra in gl^. Let us now consider representations of 
the group Gl as 0i,-modules. If Gl = SpL, the sp^-modules W\ for different 
partitions A of / = 0,1,2,... with 2X'^ ^ L are irreducible and pairwise 
non-equivalent. One obtains all irreducible finite-dimensional -modules 
in this way. If we choose the Borel subalgebra, and then fix the basis in the 
corresponding Cartan subalgebra ofspL as in [KT, Subsection 1.1], then Wx 
is the irreducible sp^ -module of highest weight (Ai , ■ ■ ■ ,Xl/2)- However, in 
the present article we do not use the highest weight theory of spj, -modules. 

If Gl = Ol, we have A'^^ + Ag ^ L. Therefore, by changing the length 
A'^ of the first column of the Young diagram of the partition A to L — A'^ , 
we obtain the Young diagram of a certain partition. Denote this partition 
by A*. The two representations Wx and W\* are called associated, and 
are equivalent as soL-modules. The sOi-module Wx is irreducible unless 
A = A*, that is, unless 2X[ = L. In the last case Wx splits into a direct sum 
of two irreducible so^-modules. The irreducible soL-modules corresponding 
to different partitions A are pairwise non-equivalent, except for the pairs of 
modules Wx and Wx* with A 7^ A* . In this way one obtains all irreducible 
finite-dimensional non-spinor soL-modules, sec [W, Section V.9]. We can 
choose the Borel subalgebra, and fix the basis in the corresponding Cartan 
subalgebra of sol as in [KT, Subsection 1.1]. If 2X[ = L, then Wx splits 
into a direct sum of two irreducible so ^-modules of highest weights 

(Ai , . . . , Xl/2-1 , and (Ai , . . . , Xl/2-i 1 -^L/2) ■ 

If 2X'i < L, then Wx is the irreducible so^-module of the highest weight 
(Ai , • • • , A[^/2])- But again, the highest weight theory of soi-modules is not 
used in the present article. 

Observe that when Gl = Ol, the first column length of at least one of 
the two partitions A and A* does not exceed L/2. Therefore, when regarding 
Wx as a soL-module, we can assume that 2A'^ ^ L. Under this assumption, 
for any two distinct indices i,j G {1 , ■ . . ,1} we have 

Ci + Cj^3-2X\^3- L. 

Then every factor Rij{ci + ti,Cj + tj) in the product (3.14) is regular at 
ti = ... = ti = — ^ , for any choice of the standard tableau A of shape A. 
By Proposition 2.2, we then obtain from (3.14) the explicit formula 

Fa = n - ^^Ir 1 I • 9^ = ^"^ ' 

V Ci + Cj + L-l I 



which is similar to the explicit formula (3.21). 
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4. Yangian representations 

4.1. Using the formal power series (1.13) in a:;"^, introduce the elements of 
the algebra (End(C^))®2 (g, y(0[^) [[x'^]] 

N N 

Ti{x) = Eij^l® Tij{x) and T2{x) = I® Eij (g) (x) . 

i,j=l i,j=l 

The defining relations (1.14) of the algebra Y{qIj^) are equivalent to 

Ri2{x,y) Ti{x) T2{y) = T2{y) Ti{x) Ri2{,x,y). (4.1) 

After multiplying both sides of the equality (4.1) by a; — y, it becomes 

an equality of formal Laurent series in and with the coefficients 
from the algebra (End(C^))®^ Y(gljv). In (4.1), we identify the element 
Ri2{x,y) of End((C^)®2)(x,y) as defined by (3.3), with the element 

Rl2{x,y)®l G (End(C^))®2(a;,y)0Y(g[^). 

Using the defining relations of Y(0[jy) in the form (4.1), together with 
(3.5), one shows that the assignment (1.17) defines an automorphism of the 
algebra Y(g[jv). Evidently, this automorphism is involutivc. 

For any z G C consider the evaluation Y(0[jy) -module V{z), sec (1.20). 
Let us denote by pz the corresponding homomorphism Y(gl^) End(C^) . 
Then T{x) i— > Ri2{x,z) under the homomorphism 

id^p, : End(C^)®Y(0[^) -> (End(C^))®2; (4.2) 

see the definitions (1.16), (1.18), (1.19) and (3.3). More generally, consider 
the tensor product of evaluation Y(0l^) -modules V{zi) (g) . . . (g) F(z„) , for 
any zi , . . . , 2:„ G C. The corresponding homomorphism 

Y(g[^)^(End(C^))®" (4.3) 

is the composition of the map Pz^® . . . (g) Pz^ with n-fold comultiplication 
map Y(0[^) ^ Y(g[jv)®"- % definition (1.15), then 

T{x) ^ Ri2{x,zi) ... Ri^n+i{x,Zn) (4.4) 
under the homomorphism 

id® : End(C^) (g Y(0ljv) ^ (End(C^))®('^+i) . (4.5) 

Now consider the standard action of the algebra U(0l^) on (C^)*^". 
Denote by tu„ the homomorphism U(gljv) End((C^)®"). Using the 
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matrix units Eij G End(C ) , we can write the operator of transposition of 
the tensor factors in (C^)*^^ as the sum 

TV 

So by the definition (1.19) of the homomorphism un '■ Y(gt^) \J{gij^), 

T{x) ^ 1 - ^ (4.6) 
fe=i ^ 

under the homomorphism 

id^ (wnoaN) : End(C^) Y(0[^) ^ (End(C^))®("+^) . (4.7) 

4.2. Now take any standard tableau f2 with n boxes. Consider the operator 
£■17 on the vector space (C^)®", as defined in Subsection 1.1. We denote by 

Pq the hnear operator on (C^)*^" reversing the order of the tensor factors. 
Setting z = in the following proposition, we obtain Proposition 1.5. 

Proposition. Put Zk = Cfc(J7) + z for k = 1, ...,n. Then the operator 
EqPq is an intertwiner of the Y{q{j^) -modules 

V{Zn) ® . . . V{zi) — > V{zi) ... V{Zn) ■ (4.8) 

Proof. The action of Y(0tjv) on the module at the right-hand side of (4.8) 
can be described by the assignment (4.4). The action of Y(0l^) on the 
module at the left-hand side of (4.8) can be described by the assignment 

T{x) ^ Ri2{x,Zn) . . . Rl,n+l{x,Zi) . (4.9) 

Take n complex variables xi, . . . , x„. Using (3.4) repeatedly, we obtain 
the equality of rational functions in a; , xi , . . . ,Xn 

Rl2{x,Xi) . . . Ri^n+lix,Xn) ■ i?i+ij+i(Xj , ) • (1 (g) Pq) 

= JJ Ri+ij+i{Xi,Xj) ■ (1(8) Po) • Rl2{x,Xn) ■ ■ ■ Rl,n+l{x,Xi) , 

with values in the tensor product (End(C^))® Using the constrained 
variables ti(f2) , . . . ^tn{Q) from Subsection 1.2, put 

Xk = Ck{^^) + tk{Q) for each fc = l,...,n. 
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Then at ti{f2) = . . . = tn{^) = z wc have = Zk for k = 1, . . . ,n. By 
Theorem 1.2, the above equahty of rational functions mx,xi, . . . ,Xn yields 

Rl2{x,Zi) . . . Ri^n+l{x,Zn) ■ (1 (g) E'fiPo) 
= {1®EqPq) ■ Ri2{x,Zn) ...Rl,n+l{x,Zi). (4.10) 

In view of (4.4) and (4.9), the equality (4.10) proves Proposition 4.2. □ 

Due to Proposition 4.2, for any z G C the subspace Vq in (C^)^" can 
be regarded as a submodule in the tensor product of evaluation Y(0[jy)" 

modules . . ^ ^ . . ^ ^ 

V{ci{Q) + z)® F(c„(l2) + z) . 
This fact will be also used in Section 5, for the particular value z = . 

4.3. Consider the embedding U(0[^) Y(g[^) as defined by (1.25). By 
the definition (1.19), the homomorphism a^v : Y(gljv) U(g[jv) is identical 
on the subalgebra U(g[jv) C Y(g[jv). The automorphism ^jv of Y(g[jv) is 
also identical on this subalgebra, see the definition (1.17). It follows that the 
restriction of a^M to this subalgebra coincides with the natural embedding 
U(0tAr) ~^ '^{q^n+m) ■ For the particular choice (1.24) of the series g{x), 
the automorphism (1.23) is identical on the subalgebra U(0[jv) ^ ^(gljv)! 
because the coefficient of g^{x) at x~^ is 0. So the action of the subalgebra 
U(0tAr) C Y(0ljv) on the Y(0[jv) -module V\{ijl) coincides with its natural 
action, corresponding to the natural action of the group GLj^ on V\{fi). 

Furthermore, the action of the subalgebra U(0[jv) C Y(0l^) on any 
evaluation module V{z) over Y{q[j^) coincides with the natural action of 
U(0[jv) on the vector space of V{z). The assigment (1.25) determines 
a Hopf algebra embedding, because by (1.15) we have 

Therefore the action of the subalgebra U(0[7v) C Y(0[^) on the tensor 
product of evaluation Y(0[jy) -modules V{ci{Q))® . . . (g) y(c„(i7)) coincides 
with the natural action of U(0[jv) on the vector space (C^)*^". The Y(0ljY)- 
module Vn is defined as a submodule of this tensor product of evaluation 
modules. Hence the action of U(0l^) C Y(01jy) on this submodule coincides 
with the natural action of U(0[jv) on the subspace Vb C (C^)®". 

4.4. In the remainder of this section we prove Theorem 1.6. Fix a standard 
tableau A of non-skew shape A, such that the tableau i? is obtained from 
A by removing the boxes with numbers 1 , . . . ,m. Here A is a partition of 
I, and m = / — n. As in Sections 2 and 3, write Cfc = Ck{A) for = 1 , . . . ,1. 
The standard tableau of non-skew shape fi, obtained by removing the boxes 
with the numbers m + 1, . . . ,1 from the tableau A , is denoted by T. 
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Put L = TV + M. Take the vector space C-^ = C^e C^. In the 
present subsection the rational functions Ri2{x,y) , . . . , Ri^i^i{x ,y) of the 

variables x and y will take values in the algebra (End(C-'^))®('"'"^) . 

We always denote by Ea the operator on the vector space (C^)®', 
corresponding to ca € CSi . By Proposition 2.5, we have the equality 

Ri2ix,ci) . . . Ri^i+i{x,ci) ■ (1 (g) Ea) 

I_j2^)-{10EA), (4.11) 

k=l ^ ^ 

of rational functions in x, with values in the algebra (End(C^))®('"^-^^ . The 
operator Pi.fc+i on (C^))'^^'"'"^) corresponds to (1 /c + 1) G 5'^+! , see (3.3). 
The equality (4.11) is the starting point for our proof of Theorem 1.6. 

First consider the case, when M = and /x = (0,0, . . .). In this case 
N = L, n = I and the standard tableau Q = A has a non-skew shape. 
In this case, the left-hand side of the equality (4.11) describes the action 
of the Yangian Y(0[^) on the submodule Vq = Va oi the tensor product 
V{ci) (g) . . . (^V{ci) of evaluation Y(g(j^) -modules; see (4.4). The right-hand 
side of (4.11) describes the action of Y(g[j^) on the module V\{lJi) = Vx, 
defined in Subsection 1.6; see (4.6). Indeed, here gfi{x) = 1 and a^M = a^- 
The image of the operator Ej^ = Ea, as a glj^ -submodule in (C^)*^', is 
equivalent to the gl^ -module V^. Thus the equality (4.11) shows that the 
Y(g[^) -modules Va and Vx are equivalent. 

Let us now prove Theorem 1.6 for M ^ 1. As in Subsection 2.4, split 
the vector space (c^)«^ = (ciVe C^)«' 

into the direct sum of subspaces, obtained from {C^)^k ^ ^^N^^{l-k) 
some permutations of the I tensor factors. Here A; = 0, Consider the 

projector onto the direct summand (2.17), 

: (C^)^' ^ (C^)^™® (C^)®". (4.12) 

Note that the operator (4.12) is GLjsf x GLM-equivariant; here we use the 
embedding GLj\f x GLm GLl chosen in the beginning of Subsection 1.6. 

Consider the Y(0l^) -module, obtained by pulling the tensor product 
of the evaluation Y(g[^) -modules corresponding to ci , . . . , q back through 
the automorphism of Y(gl^); see (1.17). The action of Y(glj^) on this 
module is described by the assignment 

L 

J2 Eij^Tij{x) ^ Ri,i+i{-x,ci)-\..Ri2{-x,ci)-^ (4.13) 




= fix) ■ Ri,i+i{x,-ci) . . . Ri2{x,-ci) , 



(4.14) 
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where 

^2 



/(-) = n (li 1 ' (4-1^) 



k=i + 

see (3.5) and (4.4). Denote by Vi the restriction of this Y(fl[2^) -module 
to the subalgebra Y(£|[^) C Y{qIj^); here we use the natural embedding 

: Y(0[^) ^ Y(0li). That is, : 7^y(x) ^ r,j(x) for 1 ^ f,i ^ iV by 
definition. Further, denote by V^* the Y(0ljv) -module obtained by pulling 
the Y(0[^)-module Vi back through the automorphism of Y(g[jv) . Note 
that the vector space of the Y(0[jv) -modules Vi and Vi* is (C^)®'. 

Take the vector space (C^) (C^) ®". For A; = m + 1 , . . . , Z put 

R,%^-,{x,y) = l-^M±L (4.16) 
X — y 

where P/^^^^ denotes the operator on (c^)^™ (C^)^", acting as 
transposition in the first and (k + l)-th tensor factors, and acting as the 
identity in the remaining l—l tensor factors. One can define an action of the 
algebra Y(0[jv) on the vector space (C^)®*" (g) (C^)'^"' by the assignment 



N 

^ Eij®Tij{x) ^ f{x) ■ i?i'}+i(x,-q) ... Ri%^2ix,-Cm+i] 

i,3= ' 



Denote by Vmn the Y(0[^) -module defined by the above displayed 

assignment. FTirthcr, denote by the Y(0[jy) -module obtained by pulling 
the Y(0ljv) -module Vmn back through the automorphism ^jv of Y(0tjY) • The 
action of the algebra Y(0ljv) on is then described by the assignment 

N 

^ Eij®Tij{x) ^ h{x) ■ R{^^j^2{x,Cm+l) ... -Ry+i(x,Q), 

where 

Note that the Y(0[jy) -module can also be obtained as follows. Take 
the Y(0[jy) -module, obtained by pulling the tensor product of evaluation 
Y(0[jv) -modules with the parameters Cm+i = Ci(i7) , . . . , q = c„(i7) back 
through the automorphism Tij{x) ^ h{x)Tij{x) of the algebra Y(0[jv). 
The vector space of this Y(01jy) -module is (C^)®". Then by regarding the 
tensor product (C^)®"^® (C^)®" as Y(0[^) -module where every element 
of the Hopf algebra Y(0ljv) acts on (C^)®™ via the counit homomorphism 
£ : Y(01jy) — > C, we obtain the Y(0tjY) -module V^^. 
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Proposition. The projection (4.12) is an intertwining operator of Y(g[^) - 
modules Vi — > Vmn ■ 

Proof. This result follows by comparing (4. 13), (4. 14) with the definition of 
the Y(gljv) -module Vmn, and by using Lemma 2.5 in the case 



Corollary. The projection (4.12) is an intertwining operator of Y(gljv)" 

modules V^n ■ 

We end this subsection with the next lemma. Consider the rational 
functions g^i{x) and h{x) , defined by (1.24) and (4.17), respectively. 

Lemma. We have the equality gfj_(x) h{x) = 1. 

Proof. Consider the product at the right-hand side of the equalities (4.17). 
This product is symmetric in ci , . . . ,Cm and therefore does not depend on 
the choice of a standard tableau T of shape fi. Wc choose T to be the row 
tableau of shape /j, . For any index i ^ 1, take the boxes in the i th row of the 
Young diagram /i in their natural order, from the leftmost to the rightmost 
box. The contents of these boxes form the sequence 1 — i , . . . , /ij — i which 
is increasing by 1; this sequence is empty if /Xj = 0. Therefore 



4.5. Let us continue our proof of Theorem 1.6. Consider the image of the 
subspace (2.17) under the operator on (C^)®'. Note that this image is 
contained in the subspace Va C (C^)®'. Consider the Y(gljv) -module V/ 
defined in Subsection 4.4; the vector space of this module is (C^)"^'. 

Proposition. The image of the subspace (2.17) under the operator Ea is 
an Y{qIj^) -submodule ofVi. 

Proof. The action of the coefficients of the series Tij{x) with 1 ^ i,j ^ N 
on the Y(gljY) -module Vi is described by the assignment (4.13). Here we use 
the natural embedding ipM '■ Y(g[jv) Y(gt^) . Consider the product (4.14) 
in the algebra (End(C^))®('+^^(.T) . We have a relation in this algebra, 



zi = -ci , . . . , zi = -ci . □ 



(4.18) 





□ 



Ri,i+i{x,-ci) ... Ri2{x,-ci) • {10 Ea) = {1(0 Ea) 
X Ri2{x,-ci) ... Ri^i+i{x,-ci); 



(4.19) 
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see (4.10). Expand the product in the second line of the display (4.19), as 

L 

Ri2{x,-ci) ... Ri^i+i{x,-ci) = ^ Ei-j^Aij{x) 

for certain rational functions Aij{x) G (End(C^))®'(x) . Then consider the 
restrictions of the operator values of the functions Aij [x) with 1 ^ N 

to the subspace (2.17). Using Corollary 2.5 in the case (4.18), we prove that 

TV 

E,^ ® {Aij{x) I (C*^)®™ ® (C^)®") 

= Rl^m+2{X ,-Cm+l) . . . (x , -q) . 

In particular, the operator values of the functions Aij{x) with 1 ^ i, j ^ N 
preserve the subspace (2.17). Now Proposition 4.5 follows from (4.19). □ 

The Y(0ljv) -module Vi* is obtained from V/ by pulling back through 
an automorphism of Y(0[^). Therefore Proposition 4.5 has a corollary. 

Corollary. The image of the subspace (2.17) under the operator Ej\^ is an 
Y{Q{^)-suhmodule ofVj* . 

4.6. In this subsection we complete the proof of Theorem 1.6. Consider the 
image of the subspace (2.17) under the linear operator 

ImEA : (C^)®' ^ (c*^)®"* (C^)®" . 

This image coincides with the vector subspace 

Vr^Vn C (C*^)®™® (C^)®". (4.20) 

Indeed, 

ImEAl (C^)®"^® (C^)®" = Er®En; 

see (2.12) and (2.13). It now follows from Corollaries 4.4 and 4.5 that the 
vector subspace (4.20) is a submodule in the Y(g[jv) -module V^^j. Let us 
denote this submodule of by V. Note that F is a subquotient of the 
Y(fl[jv) -module V^* by definition. 

The description of the Y(0[jv) -module given after (4.17) yields 
the following description of the Y(0[^) -module V . Take the Y(0ljv)-mo'^ulc! 
Vq as defined in Subsection 1.5. Pull Vq back through the automorphism 
Tij{x) ^ h{x)Tij{x) of Y(0[jv)- Extend the resulting action of Y(0[^) on 
the vector space Va to the vector space Vr tX" Va so that every clement of 
Y(0[jy) acts on Vr as the identity. Then we obtain the Y(0ljv) -module V. 
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The subspace Vr C (C )'^"^ is equivalent to as a representation of 
the group GLm ■ Consider the subspace Va C (C^)®' as a representation of 
GL]^, equivalent to Vx. Then regard Va as Y(0ljv) -module by pulling back 
through the homomorphism ckjvm : Y(g[jv) — U(0[i); see definition (1.22). 

Proposition. The Y{q{^) -module V is a subquotient of Y{glj^) -module Va- 

Proof. By the definition (1.22), we have 

OLNM = O O ipM O ■ 

Consider I/4 as a submodule in the tensor product of the evaluation Y(glj^)- 
modules with the parameters ci , . . . , q . We have already shown that the 
action of Y{qIi) on this submodule factors through the homomorphism 
ctL : Y(0[^) \J{gli). So the Y(gl^) -module Va as defined above can 
also be obtained by pulling the action of Y(fl[^) on Va back through the 
injective homomorphism 

?L o ifM o (.N ■■ Y(0ljv) Yisii) ■ 

Thus is a submodule in the Y(gtjv)-™odule V^*. But by definition, V is 
a quotient of a certain Y(0[^) -submodule of V^*. The latter submodule of 
Vf* is contained in . □ 

Consider the restriction of the representation Va of the group GL l to 
the subgroup GLm - Realize the vector space (1.1) as 

Rom GLMiVT,VA). (4.21) 

Since the image of the homomorphism ajsfu is contained in the subalgebra 
of GLm -invariants Aiy{M) C \J{q[i), the action of the algebra Y(gljv) on 
Va induces an action of Y(fl[jv) on (4.21). This action of Y(gtjv) on (4.21) 
is irreducible, see [MO, Section 2]. 

The operator (4.12) is GLj^ x GLM-equivariant, and the vector space 
Vr 0Va of the Y(fltjv) -module V has a natural action of the groups GLn 
and GLm- The action of GLm on V commutes with the action of the 
algebra Y(g[^). By Proposition 4.6, the Y(0[^)-module 

Rom GLm iyT,V) (4.22) 

is a subquotient of (4.21). Since the Y(0[jv) -module (4.21) is irreducible, it 
must be equivalent to the Y(gljy) -module (4.22); sec Proposition 2.4. 

The Y(0l^) -module (4.22) can also be obtained by pulling the Y{glj^)- 
module Vq, as defined in Subsection 1.5, back through the automorphism 
(1.23) of Y(0[jv) ) where g{x) = g^{x)~^. Here we use Lemma 4.4. The proof 
of Theorem 1.6 is now complete. 



48 



Maxim Nazarov 



Note that (4.22) is also a subquotient of (4.21) as a representation of 
the group GLn ■ Thus we obtain Proposition 1.1 together with Theorem 1.6. 
Proposition 1.1 could be proved independently of Theorem 1.6. We chose 
the present proofs, because they have analogues for the classical groups Om 
and SpN instead of GLjv. These analogues will be given in the next section. 

5. Twisted Yangians 

5.1. Using the formal power series (1.27) in x^^, introduce the elements of 
the algebra End(C^)®2 ® X(g[jv, a) [[x-^]] 

N N 

Si (x) = Eij (g) 1 (g) Sij (x) and S2 {x) = 1 (8) Eij (g) Sij (x) . 

i,j=l i,j=l 

The defining relations of the algebra X{glj^,a) can be written as 

Ri2{x,y) Si{x) i?i2(x,y) S2{y) = S2{y) Ri2{x,y) Si{x) i?i2(x,y) . (5.1) 

After multiplying both sides of the equality (5.1) by x^ — y'^ , it becomes 
an equality of formal Laurent series in x^^ and y~^ with the coefficients 
from the algebra End(C^)®^(8)X(0[jY5 '^)- (^-l), we identify the elements 
i?i2(x,y) and Ri2{x,y) oiY.nd{C'^)®'^{x ,y) as defined by (3.3) and (3.6), 
respectively with the elements R12 {x,y) ®1 and i? 12 (x , y) 1 of 

End(C^)®2(^,y),^X(fl[^,(7). 

Using (3.5) and (3.7) where L = N, one derives from the defining 
relations (5.1) that the assignment (1.31) defines an automorphism of the 
algebra X(gl^,(7). For details of this argument see [MNO, Subsection 6.5]. 

By dividing each side of the equality (5.1) by S2{y) on the left and 
right, and then setting y = —x, we obtain the equality 

Qi2Si{x)Ri2{x,-x)S2{-x)-^ = S2{-x)-^Ri2{x,-x)Si{x)Qi2- 

As in (5.1), here we identify the element Q12 G End(C^)®^ with 

Q120I G End(C^)®2 0X(0[^,cj). 

Since the image of the operator Q12 = Q{N) in (C^)®^ is one-dimensional, 
the last displayed equality implies the existence of a formal power series 
D{x) in x~^ with coefficients in X{Qlj^^,a) and leading term 1, such that 

gi2 5i(x)i?i2(x,-x)52(-x)-i = (lT^)^(x)gi2. (5.2) 
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By using (3.5) when y = —x, one derives from (5.2) that D{x) D{—x) = 1. 

By [MNO, Theorem 6.3], ah coefficients of the series D{x) belong to 
the centre of the algebra X(gljV)^)- By [MNO, Theorem 6.4], the kernel 
of the surjective homomorphism vtat : X(g[jy,cr) — > Y[glj^,a) is generated 
by the coefficients of the series 1 — D{x). For any series g{x) G C[[a;~^]] 
with the leading term 1, the definition (5.2) of the series D{x) shows that 
the assignment (1.39) determines an automorphism of the quotient algebra 
Y(g[jv,o-) of X(0[^,cr), if and only if ^(x) = g{-x). 

5.2. For any z E C, consider the restriction of the evaluation Y(gtjv)- 
module V{z) to the subalgebra Y(0[^,cr) C Y(0ljv)- By definition, this 
subalgebra is generated by the coefficients of all the formal power scries from 
Y(fl^iv) [[^~^]]) appearing in the expansion of the element (1.26) relative to 
the basis of matrix units Ey in End(C^) . Under the homomorphism (4.2) 

corresponding to the Y(0[jy) -module V{z) , we have T{x) i— Ri2{x,z) ; see 
(3.6) and Subsection 4.1. Therefore, under the homomorphism (4.2) 

f{x)T{x)^Ri2{x,z)Ri2{x,z). (5.3) 

Now consider the twisted evaluation Y(0[jy) -module V{z), see (1.34). 
Let us denote by pz the corresponding homomorphism Y(g[jv) — ^ End(C''^) . 
Then T{x) i—i- Ri2{x,z) under the homomorphism 

id^p,: End(C^)(g)Y(0[jv) ^ (End(C^))®2. 

Therefore under this homomorphism 

f (x) T(x) ^ Ri2 {x,z)R 12 {x,z). (5.4) 

The obvious equality of the right-hand sides of (5.3) and (5.4) explains why 
the restrictions of the Y(0[jv) -modules V{z) and V{z) to the subalgebra 
Y(0tjv,cr) C Y(0ljv) coincide. 

Consider the restriction of the tensor product of evaluation Y(0[jv)- 
modules V{zi) ^ . . . V{zn) to the subalgebra Y(0[^,cr) C Y(0l^), for 
any zi , . . . , G C. The action of Y(0[jy) on this tensor product defines 
the homomorphism (4.3). Then 

f{x)T{x) 

Rlj,+l{x,Zri) . . . Ri2{x,Zi) Ri2{x,Zi) . . . Ri,n+l{x , Zn) (5.5) 

under the homomorphism (4.5), sec the formula (4.4). 

Furthermore, consider the restriction of the tensor product of twisted 
evaluation Y(0[^) -modules V (zi) (g) . . . V (zn) to Y(0[^,cr) C Y(0[jv). 
The action of Y(0[jv) on this tensor product defines a homomorphism 

P.,....„: Y(0[^)-(End(C^))®r 



50 



Maxim Nazarov 



This homomorphism is tlic composition of the map pzi® • • • Pz„ with the 
n-fold comultiphcation map Y(0ljv) — > Y(g[jv)®". By the definition (1.15), 

T{x) Ry2.{x,Z]) . . . Ri^n+l{x,Zn) 

under the homomorphism 

id®p,,...,„ : End(C^)0Y(0l^) ^ (End(C^))®("+^ . (5.6) 
Therefore, under (5.6) 

T{x)T{x) ^ 

i?l,„+l(x,Z„) . . . Ri2ix,Zi) Ri2ix,Zi) . . . Ri^n+l{x,Zn) ■ (5.7) 

Note that when n > 1, the images of the product T{x)T{x) under the 
homomorphisms (4.5) and (5.6) may be non-equal; see Subsection 5.3. 

Let us now consider the extended twisted Yangian X(gl^,(j), and the 
homomorphism /?jv : X(gl^,(7) ^{qn) defined by the assignment (1.32). 
Consider the standard action of the algebra U(£iAr) on the tensor product 
(C^)®". The corresponding homomorphism U(gAr) End((C''^)®"^) is 
just the restriction of the homomorphism vjn '■ U(fl[jv) — > End((C^)®'^) 
to the subalgebra U(0iv) C U(0t;v)) see the end of Subsection 4.1. Using 
the matrix units Eij G End(C-^), we can write the operator —Q{N) on 
(C^)®2 as 

AT N 

Eij (g) a{Eji) = J2 (^i^ij) ® ^ji ■ (5-8) 

i,j=l i,j=l 

Hence 

n 

S{x) ^ 1- {x±l)~'YiPi,k+i-Qi,k+i) (5.9) 

k=l 

under the homomorphism 

id® (ro„ o Pn) : End(C^) ® X(0[^,(7) ^ (End(C^))®("+i) . 
Note that under the homomorphism (4.7), 

n n 

T{x) T{x) ^ (l + x-^ Yl Qhk+i) (l - Y ; (5-10) 

fc=i fc=i 

see (4.6). The elements of the algebra End(C^))® '^""'"^^(x) at the right-hand 
sides of the assignments (5.9) and (5.10) are different. This difference was 
explained by [N3, Proposition 2.4], see also Lemma 5.4 below. 

5.3. Now take any standard tableau i? of shape A//i. We assume that the 
partitions A of I and ji oi m satisfy the conditions from [W] for the groups 
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Gm+n and Gm, respectively, as described in Subsection 1.3. Consider the 
operator Fq{M) on the vector space (C^)®"; this operator is defined by 
Theorem 1.4. Here n = I — m. Let us also keep to the notation (1.35). 

Proof of Proposition 1.7. The action of the algebra Y(gl^, a) on the tensor 
products V{di{n)) ... V{dn{i^)) and V {di{n)) (g) . . . F(d„(l2)) is 
explicitly described by the formulas (5.5) and (5.7), respectively, where 

zi = di{f2) , Zn = dn{f2) . (5-11) 

As in Subsection 4.2, take n complex variables xi , . . . , Using (3.4), 
(3.9) and (3.11) for L = iV repeatedly, we obtain the equality of rational 
functions in the variables x,xi, . . . ,Xn 

Rl,n+l{x,Xn) . . . Rl2{x,Xi) Ri2{x,Xi) . . . Ri^n+l{x,Xn) 
X n R-i+hj+li^i^^j) ■ n Ri+i,j+li^i'Xj) 

X Rl,n+l{x,Xn) ■ . . Rl2{x,Xi) Ri2{x,Xi) . . . (x , 2;„) 

with values in the tensor product (End(C'^))®("'"'"^). Using the variables 
ti{f2), . . . ,tn{i^) constrained as in Theorem 1.4, put 

Xk = Ck{^) + tk{fi) + ^ for each k = 1, . . . ,n. 

At ti{f2) = . . . = tn{^) = t| the above equality of rational functions in 
x,xi, . . . ,Xn then yields the equality of rational functions in x, 

Ri,n+i{x,dn{0)) . . . Ri2{x,di{f2)) Ruix ,di{f2)) . . . i?i,„+i(a;,(i„(/2)) 

X Fn{M) = Fn{M) x 
Ri^n+i{x,dn{fi)) ■ ■ ■ Rl2{x,di{Q)) Ri2{x,di{Q)) . . . Ri^n+i{x ,dn{0)) . 

In view of (5. 5), (5. 7) and (5.11), this equality proves Proposition 1.7. □ 

5.4. In this and the next two subsections, wc prove Theorem 1.8. We use 
the same method as in the proof of Theorem 1.6. As in Subsection 4.4, 
fix a standard tableau A of shape A, such that the tableau J7 is obtained 
from A by removing the boxes with the numbers 1 , . . . ,m. Here A is a 
partition of I, and m = I — n. For = 1 , . . . , Z write d^ = Ck{A) ^ ^ . The 
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standard tableau of shape fi , obtained by removing the boxes with numbers 
m + 1, . . . ,1 from the tableau A, is denoted by T. 

Put L = N + M. Consider the vector space = C^© C^. In the 
present subsection, the rational functions 

Ri2{x,y) , . . . , Ri,i+i{x,y) and R^ix ,y) , . . . , Ri^i+i{x ,y) 

will take values in the algebra (End(C^))®^'''~^^ . Take the linear operator 
Fa on the vector space (C^)"^', this operator is defined by Proposition 3.2. 

Lemma. We have the equality in (End(C^))®*^'"'"^^ 

Ri,l+i{x,di) . . . Ri2{x,di) Ri2{x,di) . . . Ri^i+i{x ,di) ■ (1 (g) -Fa) 

= fl- J:^i^^±i^^)-(10F^). (5.12) 

^ k=l ^=^2 / 

Proof. Due to Proposition 3.2, the operator Fa is divisible on the left by 
the operator Ea ■ Using Proposition 2.5 twice, we can rewrite the product 
at the left hand side of the desired equality (5.12) as 

see (4.11). Due to Proposition 3.3, for any distinct indices i ,j G {1 , . . . ,1} 

Q 1,1+1 Pi,j+i ■ (1 <8) Fa) = Pi,j+iQj+i,i+i • (1 (g) Fa) = 0. 

Therefore, by using the relations 

Qi,k+iPi,k+i = ^Qi,k+i for each k = l,...,l 

we can rewrite the product (5.13) as at the right-hand side of (5.12). □ 

The equality (5.12) is the starting point for our proof of Theorem 1.8. 
First, consider the case when M = and fi = (0,0, ...). In this case 
N = L, n = I and the standard tableau f2 = A has a non-skew shape. In 
this case, the left-hand side of (5.12) describes the action of the twisted 
Yangian Y{gli^, a) on its module Wn (0) = Wyi(O) ; see (5.5) and the end of 
Subsection 1.7. 

The right-hand side of the equality (5.12) describes the action of the 

extended twisted Yangian 'K{qI^, a) on its module Wx{fi) = Wx , defined in 
Subsection 1.8; see (5.9). Indeed, here we have gfj,{x) = 1 and Pnm = Pn- 
The image of the operator Ff7(0) = , as a gi,-submodule in (C"^)®^, is 
equivalent to the g^-module Wx. Thus the equality (5.12) shows that in 
the case M = the action of the algebra X(gt^, a) on Wx factors through 
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the homomorphism ttl : X{Qlj^,a) Y(0[^,cr); see (1.29). The equality 
(5.12) also shows that Wa and Wx are equivalent as Y(g[2,, a) -modules. 
Now suppose that M ^ 1. In Subsection 3.4, we introduced a projector 

Jm : (C^)^' ^ (C^)®™ ® (C^)®" . (5.14) 

Note that the linear operator (5.14) is Gm x Gjv-equivariant by definition. 

Take the tensor product of the evaluation Y(fl[£,) -modules with the 
parameters di , ... ,di. Consider the restriction of this tensor product to 
the subalgebra Y(0(^,(t) C Y(0[^). Pull this restriction back through the 
homomorphism ttlotil ■ X{Qli^,a) —>Y{gij^,a), see (1.29) and (1.31). The 
action of X(gl^, a) on this module is described by the assignment 

L 

Eij®Sij{x) ^ i?i,;+i(-x-^ ,d/)-^.. i?i2(-x-^ ,di)-^ 

X i?i2(-x-§,di)-^.. ^i,z+i(-x--§,d/)-i (5.15) 
= f{x + ^^\) ■ Ri,i+i{x + ^,-di) ... Ri2ix + ^ ,-di) 

X Ri2ix-^,-di) ... Ri^i+i{x-^,-di), (5.16) 

see (5.5). Here the function f{x) G C(x) is defined by (4.15) ; in the notation 
of Subsection 4.4 we have dk = \ for every k = 1, Denote by 

Wi the restriction of this X(g[^, cr) -module to the subalgebra X(0[^,cr) of 
X(0[^, a) ; here we use the natural embedding V'm : X(0[^, cr) — ^ X(0[^, a) . 
That is, V'M : Sij{x) ^ Sij{x) for 1 ^ N. 

Further, denote by W^* the X(0[^, cr) -module obtained by pulhng the 
X (5 (jv, o') -module Wi back through the automorphism r/jv of X(0(jv,cr). 
Note that the vector space of the Y(0l^) -modules Wi and WJ* is (C-^)®'. 

Take the vector space (C^)^"^ (C^)®*^. For = m + 1 , . . . , i we 
will keep using the notation (4.16). But from now on we will regard -Pi'\+i 
as an operator on the subspace 

® (C^)f (C^)®" C ® (cM^^m ^ (cAT^^n _ 

Foi k = m + l, consider the operator on ® (C^^)®"^ ® (C^)®", 
acting as Q{N) in the first and {k + l)-th tensor factors, and acting as the 
identity in the remaining l — l tensor factors. The restriction of this operator 
to the subspace (5.17) will be denoted by Using this notation, put 
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One can define an action of X (gljv, cr) on the space (C^) ® (C^) ®" 
by the assignment ^ 

^ Eij (g) Sij{x) HH- 

X ^i?m+2(a:^ - i > • • • R^i+iix - f , -di) ; (5.18) 

see below for the proof of this assertion. Denote by Wmn the X(gljY,(T)- 
module defined by the assignment (5.18). Denote by the ^{qI^, a)- 

module obtained by pulling the X(g[jv, f) -module Wmn back through the 
automorphism r]j\f of X(0ljv, a) . Using the function h{x) G C{x) defined by 
(4.17), the action of X{Qlj^,a) on W^n is described by 

N 

(g) Sij{x) 

/i(a; — ^ ± i) • Ri^i^i{x,di + ^) ... i?i,m+2(a;,(im+i + 

X Ri^rn+2{x,dm+l + ^) ■ ■ ■ (x , + ^) . 

Note that the X(g[^, o") -module 1^*„ can also be obtained as follows. 
Take the tensor product of the evaluation Y(gt^) -modules with parameters 

dm+l + f =di{f2),...,di + f =dn{f2). 

Consider the restriction of this tensor product to Y(g[^, a) C Y(0[^) . Then 

regard this restriction as X(0[jv, f) -module by using the homomorphism 
TTjv : X(fl[jv,(T) — > Y(fl[jv, <7) . Pull this X(fl[jv, cr) -module back through the 
automorphism 

Sij{x) ^ h{x-f±l) ■ Sij{x) (5.19) 

of the algebra X(Qlj^,a). The vector space of the resulting X(01^,(t)- 
module is (C^)®". Then by regarding (C^)®"^ (g) (C^)®" as X(0[^,(t)- 
module where every element of X(g[jv,cr) acts on (C-^)®™ trivially, we 
obtain the X(gljv, cr) -module W^n- 

Proposition. The projector (5.14) is an intertwiner of X(g[jv, a) -modules 
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Proof. Expand the product at the right hand-side of the equahty (5.16) as 
the sum ^ 

for certain rational functions Bij{x) G (End(C'^))'^'(x) . It suffices to show 
that the sum ^ 

Eij^{JmBij{x)) (5.20) 

i.j=l 

is equal to the product at the right-hand side of the assignment (5.18), 
multiplied by Jm on the right. To show this, let us expand the right-hand 
side of the equality (5.16) as the sum of the products 

Plia ■ ■ ■ PliiQlji ■ ■ -Qijb (5-21) 

with coefficients from C{x); here the sum is taken over all subsequences 
ii, . . . ,ia and ji, . . . , jb in the sequence 2 , . . . ,1 + I. Consider four cases. 

1) Suppose that ji ^ m + 1. Also suppose that a = or ii > m + 1. In 
this case, the product (5.21) is divisible on the left by Qij^ or by Qi^j^ - The 
product (5.21) does not contribute to the sum (5.20) in this case, because 
the subspaces C*^ and in are orthogonal. 

2) Suppose that ii + 1 and 6 = 0. In this case, the product (5.21) 
does not contribute to the sum (5.20); see the proof of Lemma 2.5. 

3) Suppose that ii ^ m + 1 and 6 > 0. Then the product (5.21) is 
divisible on the left by Qi^h for some index A; G {1 , . . . , Z -|- 1} . If A; = 1 or 
k > m + 1, then (5.21) does not contribute to the sum (5.20), because the 
subspaces C*^ and in are orthogonal. If 1 < /c ^ m + 1, then (5.21) 
does not contribute to (5.20), because the subspace (C^)^"" C (C^)®"* 
consists of traceless tensors with respect to the bilinear form ( , ) on C^. 

4) It remains to consider the case, when both ii , . . . ,ia and ji , ... ,jh 
are subsequences in the sequence m + 2, . . . ,1 + 1. Suppose this is the case. 
Write (5.21) as the sum ^ 

for certain elements Bij G (End(C^))®'. If 6 > 0, the product (5.21) can 
also be written as 

Piia ■ ■ ■ Pill Pjb-db ■ ■ ■ Pjih Q ij6 • 
Using this observation and Lemma 2.5, we prove that in our remaining case 

N 
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Corollary. The projector (5.14) is an intertwiner of a) -modules 

5.5. Let us continue our proof of Theorem 1.8. Consider the image of the 
subspace (3.25) under the operator Fj\ on (C^)®'. Note that this image is 
contained in the subspace Wa C (C^)®^ Consider the X(0[^, a) -module 
Wi defined in Subsection 5.4; the vector space of this module is (C^)®'. 

Proposition. The image of the subspace (3.25) under the operator Fa is 
an 'X.{Qlj^,a)-submodule ofWi. 

Proof. The action of the coefficients of the series Sij{x) with 1 ^ i,j ^ 
on the X(gt7v, <7) -module Wi is described by the assignment (5.15). Here 
we use the natural embedding V'm : ^(gl^jCj) X{Qlj^,a). Consider the 
product in the algebra (End(C^))'^('+^)(a;), displayed at the right-hand 
side of the equality (5.16). We have a relation in this algebra, 

Ri^i+i{x + ^ , -di) . . . Ri'2.{x + ^ , -d]) 

X Ruix-^ ,-di) ... Ru+i{x-^ ,-di) ■ {10Fa) = {1(^Fa) 

X Ri^i+i{x - ^ , -di) . . . Ruix - ^ , -di) 

X Ri2{x+^ ,-di) ... Ri,i+i{x + ^ ,-di); (5.22) 

see Subsection 5.3. Consider the 21 factors displayed in the last two lines 
of the relation (5.22). Expand the product of these factors as the sum 

L 

J2 Eij®Cij{x) 

where Cij{x) € (End(C^))®'(a;) . Consider the restrictions of the operator 
values of the functions Cij{x) with 1 ^ ^ iV to the subspace (3.25). By 
an argument similar to the one used in the proof of Proposition 5.4, 

TV 

J2 £;i,®(Ci,(a;)|(C^)f"*®(C^)®") 

X ^lCm+2(^+ i , -dl) ■ ■ ■ Rl%l{x+^ , -dl) . 

In particular, the operator values of the functions Cij{x) with 1 ^ i, j ^ N 
preserve the subspace (3.25). Now Proposition 5.5 follows from (5.22). □ 
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The X(g[^, cr) -module Wj* has been obtained from Wi by pulling back 
through an automorphism of X(flljv, a) . So Proposition 5.5 has a corollary. 

Corollary. The image of the subspace (3.25) under the operator is an 

X{Qlj^,a)-submodule ofWi*. 

5.6. In this subsection we will complete the proof of Theorem 1.8. Consider 
the image of the subspace (3.25) under the linear operator 

JmFA : (C-^)®^ ^ (C^)f"^® (C^)®". 

Due to Proposition 3.3, this image coincides with the vector subspace 

Wr ® Wr? (M) c (C^) ® (C^) ® " . (5.23) 

Indeed, 

JmFA I (C^)f™®(C^)®" = iEr\iC^)T)®FoiM); 

see (3.26) and (3.35). It now follows from Corollaries 5.4 and 5.5 that the 
vector subspace (5.23) is a submodule in the X(g[jv, o-) -module Let 
us denote this submodule of by W. Note that is a subquotient of 
the X(0ljv, cr) -module Wj* by definition. 

The description of the X {qIn, (T)-module given just before stating 
Proposition 5.4, yields the following description of the X(0l^, o") -module 
W. Take the Y(0l^, a) -module Wa{M) as defined in Subsection 1.7. Then 
regard Wq (M) as X [qI^, a) -module by using the homomorphism ttn . Pull 
the X(0l^, (j)-module Wa{M) back through the automorphism (5.19) of 
the algebra X(gljY,o"). Now extend the resulting action of X{gl^,a) on 
the vector space Wa (M) , to the vector space Wr 'Si Wq (M) so that ev- 
ery element of X(g[jv,o') acts on Wr as the identity. Then we obtain the 
X(fl[jY, f) -module W . Note that the subspace Wr of the vector space (3.24) 
is equivalent to W^ as a representation of Gm ; see Proposition 3.3. 

Consider the vector subspace Wa C (C^) ® ' as a representation of Gl , 
equivalent to W\. Then regard Wa as X{Q[^^a)-m.o(h\\e by pulling back 
through the homomorphism Pnm : X(0[jv,cr) U(0l), see (1.37). 

Proposition. The X{q[j^, a) -module W is a subquotient of the X(gljv,<7)- 
module Wa- 

Proof. By (1.37), we have Pnm = Pl ° Vl ° i^M ° Vn ■ Consider Wa as a 
submodule in the restriction of the tensor product of the evaluation Y(0[^)- 
modules with the parameters di, . . . , d; to Y(0[^, cr) C Y(0l^) . Then regard 
Wa as a X(0[2,, cr) -module, using the homomorphism ttl- We have already 
shown that the resulting action of X(0[^,cr) in Wa factors through the 
homomorphism Pl : X(fl[^,cr) U(flL). Hence the X(0[jy, u) -module Wa 
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as defined above can also be obtained by pulling the just determined action 
of X(fl[i, a) on Wa , back through the injective homomorphism 

rjLO -^M o rjN ■ X(g[jv,(7) X(f([i,(7) . 

Thus Wa is a submodule in the X(g[^, cr) -module 1^*. But by definition, W 
is a quotient of a certain X (gl^y, a) -submodule of . The latter submodule 
of W* is contained in Wa ■ □ 

We can now complete our proof of Theorem 1.8. Let us consider the 
restriction of the representation Wa of the group G^, to the subgroup Gm ■ 
Realize the vector space (1.5) as 

mmG^{Wr,WA). (5.24) 

Since the image of the homomorphism /3jvm is contained in the subalgcbra 
of -invariants Yi]\j{M) C U(0i), the action of the algebra X(gljy,cj) on 
Wa induces an action of X(0[^, a) on (5.24). If Gl = Spi , then this action 
of X(0[^,cr) on (5.24) is irreducible, see [MO, Section 4]. If Gl = Ol, then 

(5.24) is irreducible under the joint action of the algebra X(fl[jv, a) and the 
subgroup Gat c Gl- 

The operator (5.14) is Gm x Gjv-equivariant, and the vector space 
Wr (8) Wq{M) of the X(g[jv, <7) -module W comes with the natural action 
of the group Gm xGn- The action of Gm on W commutes with the action 
of the algebra X(g[jY,cr). By Proposition 5.6, the X(0[;y^, cr) -module 

Rom G^{Wr,W) (5.25) 

is a subquotient of the X(0[^, a) -module (5.24). It is also a subquotient 
of (5.24) as a representation of the group Gat . Since (5.24) is irreducible 
under the joint action of X(g[^, a) and Gat, this action must be equivalent 
to the joint action of X(qIj^, a) and Gat on (5.25) ; see Proposition 3.5. 

The X (qIat, f) -module (5.25) can also be obtained in the following way. 
Take the Y(0lAr, a) -module Wq{M) as defined in Subsection 1.7. Regard 
W(2 (M) as X (gtAT, cr) -module by using the homomorphism ttn ■ Finally, pull 
this X(0[jY,cr) -module back through the automorphism (1.24) ofX{glj^f,a) , 
where 

ff(x)=5^(,x-M±i)-i. 

Here we use Lemma 4.4. This explicit description of the X(0l^, cr) -module 

(5.25) completes the proof of Theorem 1.8. We also obtain Proposition 1.4. 

5.7. In this subsection, we prove analogues of the results of Subsection 4.3 
for the twisted Yangian Y(0tAr) "■) • Due to (1.31) and (1.32), for the elements 

Sff G X(0[jv,ct) we have miS^-^) = sff and ^N{sff) = -Ej, - a{Eji)- 
here the matrix unit Eji is regarded as a generator of the algebra \]{qn) ■ 
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Therefore for any non-negative integer M, by the definition (1.38) of 
the homomorphism I3nm '■ X(g[jv,c") ^{qn+m) we obtain the equahty 

(iNM{sf^) = -Eji - a{Eji) ; (5.26) 

at the right-hand side of this equahty we have an element of the subalgebra 
U(gAr) C \J{qn+m)- This equahty shows that the element S^^^ G X{glj^,a) 
acts as —Eji — a{Eji) on the X(0[jv, a) -module Wx{fi). Here we use the 
fact that the coefficient of the series (1.40) at x^^ is zero; see also (1.24). 

Consider the surjective homomorphism ttn : X{Qlj^,a) Y{glj^^,a), 
and the embedding U(gAr) — > Y{Qlj^,a) defined by (1.41). Using the first 
statement of Theorem 1.8, we can regard VFa(/x) as Y(fl[jv, u) -module. The 
right-hand side of the equality (5.26), as an element of the subalgebra 

U(giv) C Y(fl[jv,cr), coincides with 7rjv(-S'|j^) ; see (1.41). Independently 

of Theorem 1.8, this coincidence shows that the action of the elements sj^^ 
on the X(0[jy, ct) -module Wx{ji) factors through the homomorphism ttat. 
Moreover, this coincidence shows that the natural action of the algebra 
U(0Ar) on W\{fi) coincides with its action as a subalgebra in Y{glj^,a). 

Let us now consider the Y{qIj^, o") -module Wq (M) . It is a submodule 
in the restriction of the tensor product (1.36) of evaluation Y(01jy) -modules 
to the subalgebra Y{glj^,a) C Y{gl]y), see also (1.35). Observe that the 
embedding U(0iv) Y(0[jy,cj) as defined by (1.41) can also be obtained 
by restricting the embedding U(gljv) ^ Y(0[^) to Y(0[^,cr) C Y(0tjv) ; 
see (1.25) and (1.29). Here we use the equality (5.8) in glj^^ glj^^. But the 
action of the subalgebra U(0[7v) C Y(0[^) on the Y(0[jv) -module (1.36) 
coincides with the natural action of U(0ljv) on the vector space (C^) ® ; see 
Subsection 4.4. Therefore the natural action of U(0iv) on W(2 (M) coincides 
with its action as a subalgebra in Y{glj^,a). 
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